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Design of Optimum Propellers
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Adkins*

Falls Church, Virginia 22042

and

Robert H. Liebeck
Douglas Aircraft Company, Long Beach, California 90846

Improvements have been made in the equations and computational procedures for design of propellers and
wind turbines of maximum efficiency. These eliminate the small angle approximation and some of the light
loading approximations prevalent in the classical design theory. An iterative scheme is introduced for accurate
calculation of the vortex displacement velocity and the flow angle distribution. Momentum losses due to radial
flow can be estimated by either the Prandtl or Goldstein momentum loss function. The methods presented here
bring into exact agreement the procedure for design and analysis. Furthermore, the exactness of this agreement
makes possible an empirical verification of the Betz condition that a constant-displacement velocity across the
wake provides a design of maximum propeller efficiency. A comparison with experimental results is also

presented.

Nomenclature
= axial interference factor
rotational interference factor
number of blades
axial slipstream factor
blade section drag coefficient
blade section lift coefficient
power coefficient, P/pnD?
thrust coefficient, 7/pn2D*
torque force coefficient
thrust force coefficient
blade section chord
propeller diameter, 2R
drag force per unit radius
Prandtl momentum loss factor
circulation function
advance ratio, V/nD
Goldstein momentum loss factor
lift force per unit radius
propeller rps
power into propeller
power coefficient, 2P/pV > mR?
torque
propeller tip radius
radial coordinate
= thrust
thrust coefficient, 27/pV*wR?
freestream velocity
vortex displacement velocity
local total velocity

I

Il

I

Il

Il

Il

tangential (swirl) velocity
nondimensional distance, Qr/V
= angle of attack

blade twist angle

circulation

= drag-to-lift ratio

Il

Il

velocity normal to the vortex sheet
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= displacement velocity ratio, v'/V
propeller efficiency

= speed ratio, V/QUR

= nondimensional radius, 7R = Ax
nondimensional Prandtl radius
nondimensional hub radius
fluid density

local solidity, Bc/2nr

flow angle

flow angle at the tip

propeller angular velocity

QT M >3
|

b
b,
QO =

il

Superscript
' = derivative with respect to r or &, unless otherwise
noted

Introduction

N 1936, a classic treatise on propeller theory was authored
I by H. Glauert.' In this work, a combination of momentum
theory and blade element theory, when corrected for mo-
mentum loss due to radial flow, provides a good mpthoc_l_ for
analysis of arbitrary designs even though contraction of tng
propeller wake is neglected. Although the theory is dgvelope
for low disc loading (small thrust or power per unit disc area),
it works quite well for moderate loading, and in light offlts
simplicity, is adequate for estimating perfc_yrmance. even ?5
high disc loadings. The conditions under which 2 desagn woulv
have minimum energy loss were stated by A. Betz" as eariI
as 1919; however, no organized procedure for prodpcmg Shl{gh
a design is evident in Glauert’s work. Those equations wr (l)x-
are given by Betz make extensive use of snﬂ{all-angle_appcon'
imations and relations applicable only to hght.lgadlng b
ditions. Theodorsen® showed that the Betz condition fc:;cl
imum energy loss can be applied to heavy loading as 25 i

In 1979, E. Larrabee* resurrected the design gquatlc:j e
presented a straightforward procedure for opnmumll e
However, there are still some problems: first, ?::athe s
approximations are used; second, the sol?mc.)nl e
placement velocity is accurate only for va‘mshmgC gn-ection 2
ues (light loading), althougp an apprqxxmal:ere e
suggested for moderate loading; and third, :’ eed e eties:
terms missing in the expressions for the in uC_an equations
These viscous terms must be included in the des.?l’ler o alysis:
if they are to be consistent with the classical prop

This approach is given later.
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these difficulties
grﬁen;'lent with the
pirically the optimalit
McDonnell Douglai
. s?mple estimates of
thods, if they existed, had
y version was presented
$ requests for copies of
) the method have moti-

1omentum theory is described
ef summary is given here to em-
atures. Consider a fluid element
| moving toward the propeller disc
 tube with velocity V. It arrives at
elocity, V(1 + a), where a is the
At the disc, dm exists in the annulus
e per unit radius passing through the
neglecting radial flow. The element dm
e far wake, increasing speed to the
> b is the axial slipstream factor. Axial
rmines b to be exactly 2a, whereas the
ides rotation of the flow) deter-
ately 2a. Using the axial approxi-
y accepted, the overall change in
is 2Va¥F dm where F, the momen-
its for radial flow of the fluid. The
I", acting - the annulus can now be

= 2arpV(1 + a)(2VaF) (1a)
", the torque per unit i=dins Q' is given
= 27rpV(1 + a)(2Qra’F) (1b)

ade element at the disc is shown in
the blade element with «, and acts
om about 1 at the hub (where the
negligible), to 0 at the tip, and is not
ding of a wing. The functional form
mated by Prandtl’? and a more
iplex, form was determined by

n Equations
the blade, infinitesimal vor-

4 DESIGN OF OP'TIMUM PROPELLERS L

¢ VORTEX FILAMENT
\/_AFTER TIME
INCREMENT, at

VORTEX FILAMENT (t = 0)

Fig. 2 Definition of displacement velocity v’ in the propeller wake.

develops the Betz condition for heavy loading by including
the contraction of the wake. He shows that sufficiently far
downstream in the contracted wake, the vortex sheet must
!Je the same regular screw surface for a propeller of minimum
induced energy loss. This optimum vortex sheet acts as an
Archimedean screw, pumping fluid aft between rigid spiral
surfaces. .

b At the blade station, r, the total lift per unit radius is given

y

d

L — = BpWT (2)
dr

and in the wake, the circulation in the corresponding annulus
is

BI' = 27rFw, (3)

Setting the circulation I" in Eq. (2) equal to that in Eq. (3)
will ultimately determine that circulation distribution ['(r) that
minimizes the induced power of the propeller.

In order to obtain I'(r), it is necessary to relate w, to a more
measurable quantity. Figure 2 shows the wake vortex filament
at station r and the definition of the various velocity com-
ponents there. The motion of the fluid must be normal to the
local vortex sheet, and this normal velocity is w,. Therefore,

the tangential velocity is given by

W,

I

= w, sin ¢

However, for a coordinate system fixed to the propeller disc,
the axial velocity of the vortex filament would be

v = w,/cos ¢

he increase in m

ent. 1NIS 1S
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678 ADKINS AND LIEBECK:
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DISC PLANE—

Fig. 3 Force diagram for a blade element.

The circulation equations for thrust 7, and torque Q°, per
unit radius can be written by inspection of Fig. 3 as
T =L cosd — D' sind = L' cos d(l — ¢ tan ¢p) (6a)
Q'/r = L'sin¢ + D’ cos ¢ = L' sin d(1 + e/tan @)
(6b)

where ¢ is the drag-to-lift-ratio of the blade element. Next,
using Eq. (2), L' can be replaced by I'(r) which, in turn, is
related to conditions in the wake by Eq. (3). Based on the
flow in the wake, I'(r) is given by Egs. (4) and (5), and 7"
and Q'/r are reduced to being functions of ¢ and the dis-
placement velocity, { = v'/V. The local flow angle ¢ will
clearly be a function of the radius; however, at this stage of
the analysis, the optimum distribution {(#) is not yet deter-
mined. Several diaggrms. ~adirn, p¥celleot. nbatagganh. of the.
vortex sheet can be found in a 1980 work by Larrabee.’

Condition for Minimum Energy Loss
At this point, a departure from Larrabee’s* design proce-
dure is made, and the momentum equations, Egs. (1), and
the circulating equations, Egs. (6), are required to be equiv-
alent. This condition results in the interference factors being
related to ¢ by the equations

a = ({2)cos’p(1 — & tan ¢) (7a)

a’ = ({2x)cos ¢ sin (1 + &/tan ) (7b)

where Eqgs. (4) and (5) have been used to express L' in terms
of £, and the terms in epsilon correctly describe the viscous
contribution. Equations (7), together with the geometry of
Fig. 1, lead to the important simple relation

tan ¢ = (1 + Z2)x = (1 + J2)ME (8)

Here, A is a constant, and & varies from &, at the hub to unity
at the edge of the disc. The relation between the two non-
dimensional distances and the constant speed ratio is

x = QrlV = (r/IR)IA = &A

Recalling the Betz? condition, » tan ¢ = const, Eq. (8)
proves that for the vortex sheet to be a regular screw surface,
¢ must be a constant independent of radius. This is the con-
dition for minimum energy loss. It should be noted that Eq.
(8) results from Eq. (7) whether viscosity is included or not.

.

DESIGN OF OPTIMUM PROPELLERS

Constraint Equations

For design, it is necessary to specify either T, deliy

the propeller or the power P, delivered to the prope

nondimensional thrust and power coefficients used f
are

ered by
ller. The
T desion

T, = 2T(pV*=R?)
P. = 2PI(pV'mR?) = 200/(pV 'nR?)

(9a)
(9b)
and using these definitions, Eq. (6) can be written as
T = L — B
P, = Ji& + J3&*

(10a)
(10b)
where the primes denote derivatives with respect to £, and

[} = 4¢G(1 — ¢ tan @)

[; = AMI/28)(1 + eltan ¢p)sin b cos ¢

(I1a)
(11b)
(11c)
(11d)

Ji = 4¢G(1 + &/tan @)
J5 = (J1/2)(1 — € tan &b)cos® ¢

Since ¢ is constant for an optimum design. a specified thrust
gives the constraint equations

¢ = (I,2L) - [(1,2_2L)} — TJL]"? (12)
P.=Jf+ L (13)
similarly, if power is specified, the constraint relations are
(= —(JJ2L) + [(JJ2),)2 + PJL)” (14)
T. = Il — L (15)

whzre the integration has been carried out over the region
E=&toé = 1.

Blade Geometry

For the element dr of a single blade at radial station r, let
¢ be the chord and C, the local lift coefficient. Then, the lift
per unit radius of one blade is

pW3cC,/2 = pWT
where I is given by Eq. (4). It follows directly that
Wc = 4wAGVRY/(C,B) (16)

Assume for the moment that £ is known; then the local vz}lue
of ¢ is known from Eq. (8), and the above relation 1s a
function only of the local lift coefficient. Since the logal Rey-
nolds number is We divided by the kinematic viscosity, Eg.
(16) plus a choice for C, will determine the Reynolds n_umber
and &, from the airfoil section data. The total velocity 15 then
determined by Fig. 1 as

W = V(1 + a)sin & (17

where a is given by Eq. (7), and the chord is then known frrﬁ_:rg
Eq. (16). If the choice for C, causes ¢ to be a minimun, t i}
viscous as well as momentum losses will in most cas_csh &
minimized, and overall propeller efficiency \_Vlll be tt}? hig iy
possible value. For preliminary considerations, it 18 us‘l;lﬁn;'
sufficient to choose one C,, the design C,, for C-le[er—n?llon;
blade geometry. (Any C, specification is permissible -dbmain:
as the optimum blade loading distribution, cC(r) lt;er the
tained.) Since « is known from C, and Reynolds nurg g ‘ze)‘O
blade twist with respect to the discis g = a + I
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ADKI
¢ of the disc, and the tip chord is ;
o g“;oidag finite lift coefficient. 's therefore always
piak
Design Procedure
: K, relation for the moment = :
E;theff"r L '€ momentum loss function can
Jected. For the sake of simplicity, only the
,Zf.éi is described as y the Prandt re-
F = (2/m)arc cos(e /) (18)
where
f = (B2)(1- §)sin ¢, (19)

and 6, is the flow angle at the tip. From Eq. (8)
tan ¢, = A(1 + {/2) (20)

othat @ choice for { determines the function 7 as well as &
by
tan ¢ = (tan ¢,)/¢ (21)

which is simply the condition that the vortex sheet i+ 1 v ke
,'sarigld_screw’surfacc (rtan ¢ = const). For an initic /.
[ = 0will suffice. : :

The design is initiateq with t_he specified conditions of pow .y
(or 1hrust), hub and tip radius, rotational rate. freestrean:
selocity, number of bladps. and a finite number of stations
i which pl_ade geometry is to be determined. Also, the dcsigﬁ
lft coeff1c16n}fone for each station if it is not constant—
must be specified. The design then proceeds in the following
steps:

;; IS)elect an initial estimate for ¢ (¢ = 0 will work)
etermine the values for F and ¢ at each blade stati
ke, (16-21). ¢ at each blade station
Eq3)(11)6e)termme the product We, and Reynolds number from

‘é}'berc_mime € and’« from airfoii section data.

: d) Ife Is to be minimized, change C, and repeat Steps 3

4"6‘4 until this is accomplished at each station.

7) %gtermme a and a’ from Eq. (7), and W from Eq. (17).
B=)a in;{;)ute the chord from step 3, and the blade twist
ang)nDeter{nine the four derivatives in / and J from Eq. (11)

9 Il)lrellzrlcqlly integrate these from & = &,to & = 1.

mmine { and P, from Eqs. (12) and (13), or { and

Te]fa;)r?f Egs. (14) and (15). ; ol
e ;hls new value for { is not sufficiently close to the
ew £, €.g., within 0.1%) start over at step 2 using the

11 . e
o s) Determine propeller efficiency as 7,/P,, and other fea-

esuch as solidity.

. (;:bfove steps converge rapidly, seldom taking more than
e ¢ t?ur cycles. An accurate description of viscous losses
60 4o tained by creating another design with & equal to

hoting the difference in propeller efficiency.

. .Analysis of Arbitrary Designs
Woblcmzzlfy §15 method s outlined here in order to discuss
P0peljer | convergence for off design and for square-tipped
G dgrp Il general, and to point out two minor errors in
« YFg 3 f*]‘_’lerk. Figure 4, which is simply an alternate version
ficieng, ’(” ows the relation between the propeller force coef-
' and €, and the airfoil coefficients, C,and C,. The

c‘l“&li()ng, are

I\‘, = v
» = Ceos p — C,sin p = Cleos f — £ 50 )

:
-

Cising + C,cos ¢ = Cfsin p + £ cos P)

NS AND LIE >
JEBECK: DESIGN oF OPTIMUy
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Fig. 4 Forc
& e ', v, 3
coefficients for propeller blade element analysi
alysis.

and the relations
: s for the st T -
radius are ther thrust 7" and torque Q' per unit

I = (NE)PW‘:BCC__ (22a)

Q'lr = (HpWBeC, (22b)
Again, it is required th i

i, at the loading Eqs. (22) b actly
?l?)tjvdlg;(());q}:tetrm??;ptur rgsult Eqs. (T). \(}Vith t‘;l:: ui:;?igz
i y 1g. 1, this requires the interference factors

a = oKI(F - oK) (23a)
a' = oK'/(F + oK') (23b)
where
K = C,/(4sin* &) (24a)
K' = C/(4 cos ¢ sin &) (24b)

and o is given by
o = Bc/(27r)

Equatiox'ls (2_3) correct the placement of the factor F used by
Glauert in his equations (5.5) of Chapter VII as identified by

Larrabee.*
The relation for the flow angle is obtained from Fig. 1 and

Eqgs. (23) as
tan ¢ = [V(1 + @)J[Qr(1— a’)] (25)

For determining the function, F, in Eq. (18), Glauert suggests
the relation sin ¢, = & sin ¢ be used in Eq. (19). It is rec-
ommended that Eq. (21) be used instead, ie.,

tan ¢, = £tan @

which is exact for the analysis of an optimally designed pro-

peller at the design point. : ' )

The analysis procedure requires an iterative solution for
the flow angle ¢ at each radial position, & An initial estimate
for ¢ can be obtained from Eq. (8) by setting { equal to zero.
Since B is known, the value for a in Fig. 3isB — ¢, and the

airfoil coefficients are known from the section data. The
from the known chord and

eynolds number is determined
af,ywhich is obtained from Fig. 1 and Eq. (23a), and th‘e new
estimate for ¢ is then found from Eq. (25). A dnrth substi-
i i e e, 4 for the old value _»ynl! cause ddi?uz:‘ﬁ
convergence for an optimum df:sign whng‘h I%‘?chl'gnma:nngor
at the design point. However, for analysis off-desig
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nonoptimum designs, some recursive combination of the old
and new values for ¢ is required to cause adequate conver-
gence. Under some conditions (usually near the tip), con-
vergence may not be possible at all due to large values for
the interference factors, @ and a’, in Eq. (23). Since F is zero
at the tip and o is not for a square tip propeller, the value
forais —1and @' is + 1. Such values are physically impossible
since the slipstream factors are approximately twice the values
at the rotor plane. Wilson and Lissaman'? suggest empirical
relations for resolving this problem, whereas Viterna and

ADRKINSAND EIEBECK: DESIGN O OFUIMVIUIVE DALY RDERe

mation of propeller performance, and the extent :
data required for propeller analysis exceeds that whi():1
ically used in analysis of wings. Between takeoff cl.c
cruise, propellers typically operate over a relativeh} W}rl"
of blade section Reynolds numbers—a variation b i
5 is not uncommon. Also, during takeoff, climb_
milling, some portion of a propeller blade is likely t;)
either positively or negatively. An example set of char:
istics for the NACA 4415 airfoil is given in Fie S“rjl’fter-
would be supplemented by additional drag dat;-in‘ .th hese
stalled region for a range of Reynolds numvbers. -

s typ-
b, and
€ Tange
b faCt()rBf
and wind-
be stalleq

Janetzke'! give empirical arguments for clipping the magni-
tude of @ and a’ at the value 0.7 (o/F at the tip is finite at the
design point for an optimum propeller).

For analysis, the conventional thrust and power coefficients
are

Empirical Optimality
In Chapter VII of Glauert’s work, his equation (2.20) sh
th‘at w{hen blade friction is neglected, the most favorabic (Ziws
tribution of circulation is where the displacement velocit\ﬁ‘
Vis

C; = Tl(pn*D") constant across the wake. Here, the term x(1 + x2) s,
small-angle approximation of G, given by Eq. (5 Wy
C, = Pl(pn*D?) ticle. The effect of profile drag is shown b}(/q G[gzulgrtthiﬁ ;L

_ ' ) ] equation (3.5), which states the i istributi
Using Eqs. (22) and (24), the differential forms with respect tl?c di%nlu(ccm)er?t/ vlg]ozitl L:,ltt?oltigthe optimum distribution for
to £ are given by o ¥k :

Cy = (w8)aCEFY[(F + oK')cos ¢ £= 6~ eX (26)
where the effect of profile drag on thrust has been ignored
{n (mf.ir:r to study this problem empirically, consider a generai
mn'ctum‘i'i(x) and the two first-order terms of its Laurent
series, 1/x and x, and describe the displacement velocity dis-

tribution as

C, = CimeC,/C,

When these have been integrated from the hub to the tip, the
propeller efficiency is

n = CJIC

. =104+ 6x + 8/x (27)

whereJ = V/(nD) is the advance ratio Propeller performance

is typically described by piots of C,, C,, and n vs J. which includes the case of Eq. (26). It is desired to find values

for 8, and 8, v-hich maximize propeller efficiency subject to
the constraints of Egs. {10). To solve this problem, { in Eggs.
(10) is replaced by Eq. (27). Then, a choice for 8, and 8, will
enable a deternination of £, and a calculation of overall-pro-
peller efficiency. A systematic study of various propeller con-
ditions was undertaken using the design and analysis proce-

Airfoil Section Data

Th; proper accounting for blade section (airfoil) charac-
teristics has proven essential for accurate and reliable esti-

2.0-

o /: fiu(es of thi§ atticle. Nonzer.o'values for 8, and §, that caused
e an increase in propeller efficiency could not be found under
28" any conditions. Therefore, it was concluded that a constant
c displacement velocity is at least locally optimum whether pro-
1. file drag is considered or not. Momentum and viscous losses
are then uncoupled; former is minimized by constant dis-

placement valnitithgdatte 1wl vy civosifig 4 ¢ aItroaton >

that the drag-to-lift ratio is a minimum everywhere.
~ Some may criticize the authors for including viscous term
in the development of the optimized circulation distributio
for the propeller design problem. Certainly, this is contrar
to classical lifting-line wing theory where the analogous ellipt!
lift distribution is obtained inviscidly. However, it has bee!
shown that the combined momentum-circulation equations
Egs. (7), produce the screw surface equations, Egs. (8), whethe
viscosity is included or not. It is evident in Eq. (11) that the
momentum and viscous terms are directly separable for use
in Eq. (10). The viscous terms, when integrated in Eq- (10),
account for the difference in power and thrust between an
inviscid and viscous propeller design. If one accepts the clas-
sical blade element analysis equations as a measure of per
formance, the momentum and viscous losses are indeed un-
coupled, and the viscous design equations produce a propeller
with minimal losses. S
Alternatively, if one is still concerned about including V&7
cosity in the design procedure, a propeller could be desngﬂge
inviscidly and the blade section drag simply added todtm
inviscid design. This would require that the analysis proc¢ :lhe
be applied with drag set equal to zero when solving foz)u
induction velocities. The performance of the propeller ww“ >
then be obtained by adding drag to this inviscid solution uld

A& A

- -
30 40 _ 50
2 (DEG)

NACA 4415
Ry = 0.5 x 108

30 40 50 60
a (DEG)

ot s

=03

~.04.)

“hord force coetficients,

Fig.5 E z
i xample of airfoil section characteristics including normal and
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ADKINS AND LIEBECK:

Table 1 Propeller design solution

DESIGN OF OPTIMUM PROPELLERS

r c B b RN a a’

0.5000 0.3424 58.3125 54.8118 0.4449 0.0348 0.0633
0.8958 0.4605 41.8645 38.3637 0.8104 0.0644 0.0365
1.2917 0.4269 32.2669 28.7661 0.9834 0.0804 0.0219
1.6875 0.3569 22.2978 22.7927 1.0295 0.0890) 0.0142
2.0833 0.2796 18.7971 18.7971 0.9740 0.0938 0.0098
2.4792 0.1913 15.9619 15.9619 0.7830 0.0968 0.0072
2.8750 0.0000 13.8552 13.3552 0.0000 0.0000 0.0000

Input: brake horsepower = 70, 2 blades; hub diam = 1 ft, tip diam = 5.75 ft: blade scction:

4415, ¢; = 0.7, velocity = 110 mph, rpm = 24001.
Output: thrust = 207.61 b, n = 0.86996. '
Note: @ and @’ have been set equal to zero at the tip.

Table 2 Propeller analysis solution

NACA

r b G RN a a

0.5000 54.8116 0.7000 0.4449 0.0348 0.0633
0.8958 38.3638 0.7000 0.8104 0.0644 0.0365
1.2917 28.7661 0.7000 0.9834 0.0804 0.0219
1.6875 22.7927 0.7000 1.0295 0.0890 0.0142
2.0833 18.7971 0.7000 0.9740 0.0938 0.0098
2.4792 15.9619 0.7000 0.7830 0.0968 0.0072
2.8750 12.5862 0.7000 0.0000 0.0000 0.0000

Input: propeller gcometry from Table 13 r, €, and g at the same radial locations; velocity = 110 mph.,

rpm = 2400.

Output: brake horsepower = 70, thrust = 207.61 Ih. = 0.86996.
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Fig. 7 Example of propeller performance, 0= e ' e o -9
: -J
quire , o
an ¢ Al . , : . . :
desi th’:u{ddltlonal layer of iteration to achieve a specified Fig. 9 Comparison of theory and experiment.
Detyegyy theﬂ or power. In light of the favorable agreement : L St :
alex i 41 Present theory and the experimental results given geometry for a windmill is shown in Fig. 6, where the primary

this article, it is
o icle, it is a
Perity is oy justified.

angle e

Windmills

q?lscribgl(i in this article are directly
dmill problem after a minor adjustme
Ainitions of Fig. 1. g flos

rgued that such an increase in com-

The corresponding flow

distinction is that the blade section is inverted (as compared
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