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ABSTRACT 

Mathematical models of nonspherical particles’ motion in nonuniform flow were proposed for 
continuous flow approach as well as for single particles’ motion simulation. Lagrangian approach was 

used to simulate aerosol flow with nonspherical particles around transversal cylinder. Peculiarities of 
supercooled water crystallization were investigated via cryostat, infrared spectroscopy and original 

devices for supercooled droplets’ impact simulation. The results of the experimental study of the 

supercooled water crystallization are presented. The relationship between the parameters of 
intermolecular interaction with the parameters of macroscopic phenomena accompanying the 

crystallization of supercooled water was determined. Mathematical models of the supercooled liquid 
crystallization and the expression for the minimum rate for the beginning of the supercooled droplets 

crystallization on impact with the surface of the aircraft were developed. The numerical and 
experimental evaluations of physical parameters characterizing the supercooled liquid crystallization in 

the icing problem are performed. Two-phase boundary layer formation near nanostructutred surface 

was investigated via molecular dynamics method.  
 

KEYWORDS: nonspherical particles, supercooled droplets, aerosol flow, interaction of two-phase 
flow with a solid body. 

NOMENCLATURE 

Latin 
Re - Reynolds number 

M - Mach number 
F - force vector 

S - scattering coefficient 
q - flux 

e - unity vector 

e – specific energy 
a - volumetrically equivalent radius 

V - velocity vector 
V - velocity module 

^

P  - tensor of viscous tention 
^

S  - strain rate tensor 
^

E  - unity matrix 

d – coefficient in linear tensor equation 
u - x velocity component 

v - y velocity component 
f - force coefficients 

E - shape parameter 
R - circumfluent body’s radius 

m - mass 

W - energy 
t - time 

N - number of molecules 
k - constant 

T - temperature 

L - specific heat 
r - distance between molecules or atoms 

C - specific heat capacity 
Nu - Nusselt number 
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Pr - Prandtl number 

S - area 
e - electron 

E - energy 
U - potential 

c - light velocity 

b - Bohr radius 
ℏ - Plank constant 

Q - charge 

Ak - spreading coefficient 
Greek 

φ,θ,ψ - angles of particles’ orientations 
δF - roof-mean-square force deviation 

δ – delta function 

ρ - density 
ε0 - electrical constant 

μ - dynamic gas viscocity 
τ - characteristic time 

ξ - random number between 0 and 1 
Ξ - random unity vector 

Γ - friction coefficient 

α - fraction, angle of attack 
β - front crystallization velocity coefficient 

ς - ice crystals coefficient 
λ - heat transfer coefficient 

Ψ - wave function 

ε - Lennard-Jones energy rate 
σ - Lennard-Jones distance rate 

 
Superscripts 

V - volumetric 
0 - initial 

Sk - Stokes 

NS - nonspherical 
∞ - far away from the circumfluent body 

* - critical 

 
Subscripts 

p - particle 
A - aerodynamic 

|| - parallel 
┴ - perpendicular 

x - x component 

y - y component 
Sk - Stokes 

∞ - far away from the circumfluent body 
ap - particle’s radius 

l - liquid 
s - solid 

D - drag 

1 - one molecule 
k - number of stohastics’ type 

B – Boltsman 
Br - Brownian 

NS - nonspherical 

Turb - turbulent 
Det - deterministic 

R - relaxation 
0 - initial 

F - flow 
f - freezing 

b - barrier 

m - mass 
e - electron 

i - number of atom or electron 
j - number of atom 

H - hydrogen 

O - oxygen 
w-H2O - between wall and H2O 

H2O-H2O - between H2O and H2O 

1 INTRODUCTION 

Multiphase flows are widespread in nature and human practice. Aircraft safety and ice accretion 

simulation are important problems in aeronautical sciences[1–5]. Present paper concerns 

nonspherical particles[6,7] and supercooled droplets[3,4] with application for aircraft icing 
investigations. Flight in mixed (droplets/crystals) clouds is accompanied by many physical processes – 

trajectory bounding of solid or liquid particles, their impingement upon a surface, bouncing or 
damage, mutual collisions, etc. A multitude of investigations (both theoretical and experimental) has 

been devoted to these phenomena almost from almost the beginning of aviation history(e.g. [2]), but 
the problem of anti and deicing is far from its final solution due to complex inter-relations of between 

the abovementioned physical processes[5,8]. The paper presented tends to reveal some their intrinsic 

features. 
The role of water crystals orientation is investigated in nonsymmetrical impingement upon transversal 

cylinder. The correspondent numerical analysis was developed for small Reynolds numbers (especially 
in microaviation application) as well as for large those, on the basis of the spheroid model of crystal. 

The qualification characteristics of supercooled drops ice crystal-air flow (especially, radial distribution 

of the particulate concentration) are investigated and developed theoretically [1, 3] and 
experimentally [3, 4]. In previous publications original algorithms were proposed to determine two 

phase flow parameters in wind tunnels via laser sheet images analysis [9], optical system for aerosol 
flow with ice crystal and supercooled droplets’ was developed as well as corresponding methods of 

flow visualization and image processing[9]. Peculiarities of supercooled droplets and nonspherical ice 
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crystal interaction with a solid body were investigated via molecular dynamics and Lagrangian 
mechanics technique. 

2 MATHEMATICAL SIMULATION OF NONSPHERICAL PARTICLES’ MOTION 

2.1 Theoretical calculation of nonspherical particles’ scattering coefficient 

In spite of a lot of different mathematical models for aerohydrodynamic characteristics of single 

nonspherical particles’[8,10–13], simulation of the whole two-phase flow with nonspherical particles 
becomes problematic [6,7]. In order to calculate scattering coefficient of nonspherical particles and 

orientational force let us calculate an average force, which acts on a particle. It may be calculated 
from the following expression: 

 

  

  
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The expression for the roof-mean-square deviation from this average force is 
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Expression for scattering coefficient of nonspherical particles is introduced as follows: 𝑆NS = √
𝛿𝐹NS

𝜌0
, 

[m2/s]. 

Scattering of particles leads to the appearance the additional mass flow rate: q
𝑚
NS = 𝑆NS(𝜌𝑝

𝑉 +

𝜌)∇ (
𝜌𝑝
𝑉

𝜌𝑝
𝑉+𝜌

) → 𝑆NS∇𝜌𝑝
𝑉, which takes place in the governing equations[6] for two-phase flow motion.  

Neglecting phase transitions and collisions between particles equations aerosol flow motion will be 

following ones[2]: 

1. Mass conservation equations:  

  NS

mp

V

p

V

p

t
qV 




 – for nonspherical particles’ mass concentration 

V
p .  

Here Vp – vector of particles’ velocity, t – time. 

  NS

m
t

qV 



 – for gas density ρ, here V – gas velocity. 

2. Momentum conservation equations: 

pmp

p

V

ppV

p
mt

VqF
V

NS

d

d



  – for particles; VqFP

V
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
 NS

^

d

d
p

p

V

p

mt
 – for gas. 

Here ppp am  3

3

4
 – mass of a single volumetrically equivalent particle, where ap – is a radius of 

a sphere whose volume equals a volume of nonspherical particle, Fp – force, which acts on particles 
from gas. Various kinds of mathematical models for this force are given in [10–13]. According to 

simple physical estimations and numerical calculations for particle’s motion in a gas, the dominant 

force is drag force  ppD

p

p C
a

VVVVF 



2

2

, CD – drag coefficient. The first component in the 

right side of pulse equation for gas is viscous strain tensor: 
^^^

2 ESP d , where 
^

S  strain tensor 

rate:, 
^

E  – unity matrix, μ –dynamic gas viscosity, 
V







 





33

2
Pd

, P – gas pressure, ζ – volume 

viscosity. 
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3. Energy balance equations: 
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U0 – internal energy of particles, C0 – specific heat capacity of particles’ material, λ – is a gas heat 

conductivity coefficient, Tp – temperature of particles, T – gas temperature. 

  Pr),Nu(Re2 TTaQ ppp  – heat flux from gas to moving particles, where 

3

1

2

1

PrRe
2

1
2Nu p  – Nusselt number for turbulent circumvallation of volumetrically equivalent 

particle, Re = 2apρ|V–Vp|/μ, Pr = μCp/μmλ – Prandl number. 
A described above system of equations could be used for simulation two phase flows with 

nonspherical particles or ice crystals. 

Let us describe the particle orientation via unity vector which is directed along major semiaxis 

 sincos|| yx eee . Velocity components of it’s motion relative to the carrying gas are: V –

 Vp = ΔV = ex(u – up) + ey(v – vp) . It’s components in a reference frame, which is connected with a 

particle equal 

 cos
|| pp VVVV ,  
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Angles, which are used in equations are shown in Fig. 1. 
 

   
Figure 1: Comparison of flows with spherical and nonspherical particles near a solid body: 
on the left – particles’ locations; in the center – comparison of velocity nonequilibrium of 

the corresponding flows distribution; at right – dependence of orientation force on the 
shape parameter E 

For small Reynolds numbers, we used the following expression for force, which acts on the ellipsoidal 
particle:  

    
  ppp ffa VVVVF

||||6       (1) 
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Here    
yx eeVV ppp vvuu  ; f|| and f┴ – coefficients for force which acts on nonspherical 

particle. 

For three-dimensional case, components of particle’s relative to the gas motion are: 
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So the ratio between orientational force and Stokes force depends on shape parameter as follows: 
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For values’ gap ¼ < E < 4 one has the following approximate expressions for force components: 
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. 

The above described model for small Reynolds numbers could be developed for higher Reynolds 

numbers as follows: 𝐹𝑁𝑆 = 𝐹𝑆𝑘
𝑁𝑆 𝐶𝐷(𝑅𝑒,𝑀)

𝐶𝐷
𝑆𝑘 = 𝑭𝑆𝑘

𝑁𝑆 𝐶𝐷(𝑅𝑒,𝑀)

24/𝑅𝑒𝑝
 

“Fig. 1” illustrates the difference between spherical and nonspherical particles’ behavior. Calculations 

were carried out with the following flow parameters: R=12.5∙10–3 m, ap = 10–6 m, ρp=917 kg/m3(ice 
crystal), V∞ = 6 m/s, T∞ = 273 K, P∞ = 105 Pa, μ∞≈1.7∙10–5 Pa∙s, Re∞≅3, 𝑅𝑒𝑝

∞=2.4∙10–3<<1. 

Assumptions of characteristic times (flow time τF = R/V∞≈2∙10–3 s; particles’ relaxation time 

τR=
2

9

𝑎𝑝
2𝜌𝑝

𝜇
≅1.2∙10–3 s; 𝜏𝑎𝑝 =

𝑎𝑝

𝑉∞
≈2∙10–8 s << τR < τF) allows to neglect nonstationary effects and to 

use formula (1). 

The developed mathematical models (as well as corresponding numerical algorithms) could be 

applied for space debris simulation and prediction of its behavior.  
 

2.2 Numerical algorithm for particles’ stochastic motion calculation 

The first way to describe stochastic motion is to use additional accelerations for particles which equals 

FΞ . Here ξ – is a random number which takes values uniformly distributed from 0 to 1, Ξ – 

random unity vector. Thus equation for stochastic particle’s motion will be the following: 


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
max

1
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d k

k

kkp Ft
t

m kp

p
VF

V
ΞDet   (2) 

The sum is taken for all type of stochastic mechanisms. For aerosol, the most significant sources of 
particles’ stochastics are: 1. turbulent flow pulsations; 2. nonspherical shape of particles; 3. Brownian 

motion of small particles and surrounding molecules. For each type of stochastics pseudodiffusion (or 
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scattering) coefficients are calculated and used in formula (2). This equation describes more general 
processes in comparison Brownian dynamics [14]. 

Another way to calculate stochastic motion of particles is to use characteristic velocities for each 

particle’s motion: 
NSBrTurb

0 ΞΞΞ
V
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Orientational force δFNS which acts on particle could be described by the following equation: 

10

541
1Re3(Re)

2

3/1

2 







EE

E
pF  

Friction coefficient is defined from analysis of physical quantities’ dimensions: 
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And equation for nonspherical particles’ stochastic and deterministic motion will be as follows: 

NSNSNSNS )(
d

d
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t
mp ΞDet p
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V
. 

Table 1 illustrate basic characteristic parameters of nonspherical particles’s chaos (or “gas”). 
 

Table 1: Parameters of nonspherical particles’ chaos 

Physical quantity Letter Formula Dimension 
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3 PECULIARITIES OF SUPERCOOLED WATER CRYSTALLIZATION 

Physical mechanism of supercooled water crystallization plays important role in aircraft icing control 

and development of methods of mathematical and numerical simulation [1, 2, 4, 8].  
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Figure 2: Infrared spectroscopy of crystallization front propagation 

In “Fig 2” and “Fig 3” one may see our recent results of investigations of water freezing peculiarities  
according to the experimental data and some results of previous world experiences. Initial 

temperature of supercooled distillate water is approximate – 4 o C, ambient temperature is 
approximately 15 o C. Crystallization process was initiated with and ice crystal dropped in the water 

surface. 

“Fig. 2” shows infrared spectroscopy visualization of supercooled water crystallization front 
propagation. One can see a complex nonuniform structure of crystallization front.  

We carried out experiments of supercooled water interaction with a solid body and determined the 
expression for specific energy barrier Lb(T) dependence on supercooled temperature T. According to 

approximation experimental data (“Fig. 3”) we obtained the following expression: 

  5/70 /1)(


 fbb TTLTL ,       (3) 

where 30 104 bL  J/kg. Tendency of Lb to infinity at T = Tf  could be explained via the fact, that at 

this temperature water does not crystallizes even when mechanical impact are significant. The 

correspondent expression for critical velocity of droplet impingement dependence on temperature is  

      10/7*

0

* /1)(


 fTTVTV ,     (4) 

where * 2

0 8.9 10 V m/s. This expression could be used for aircraft icing calculations in order to 

determine conditions when supercooled droplets crystallize. According to experiments and previous 

publications[15–17] dependence of supercooled water front crystallization is as follows:  
V = β(Tf  – T)2,       (5) 

where β = (3.75 ± 0.4)∙10–3 m/s∙K2 – coefficient which is determined from experimental results. This 
expression could also be rewritten as follows:  

 2
0 /1/ fTTVV  ,      (6) 

where 302802

0  fTV  m/s – characteristic velocity.  

It should be noted that after front crystallization propagation water liquid transforms into suspension 
of liquid water and ice crystals [15, 17]. According to our experimental investigations (“Fig. 2”) ice 

mass fraction in a liquid water after front crystallization propagation is described by the following 
equation:   

f

m
T

T
T  1)( ,       (7) 

where ς = (2 ± 0.5) оK–1/2. After crystallization, front propagation far away from the circumfluent 

body droplet will not transform into ice before impact on a body surface. The following estimation 

shows the comparison characteristic times of crystallization and characteristic time of the flow 

 

 
  .11010~/12.011850

3

1
31

2









 
TT

TTR

aLV

f

ppm

flow

 This estimation was made from 

the following equation:  

      

















  3

1

2

1

13 PrRe
2

1
222Nu

3

4
1 TTaTTaQaL

m
L fpfppm

. 

Here ap – radius of the particle (droplet). Because of small Reynolds number Re which is based on the 

difference between particle’s and gas velocities, the freezing time is 
 

 TT

aL

f

ppm






3

1 2

. For 
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estimations we used following parameters: droplet density ρp = 103 kg/m3, water heat transfer 
coefficient λ = 0.6 W/m·K, specific heat of crystallization L = 0.33 MJ/kg, flow velocity V∞ = 100 m/s, 

characteristic size of a circumfluent body 0.1 m.  

 
Figure 3: On the left – dependence of supercooled water crystallization front velocity on 

temperature: crosses data of present article’s authors; markers – experimental data from 

[17], dashed curve – parabolic interpolation. A small plot above on the left shows 
qualitative dependence of liquid pair interaction potential on intermolecular distance; On 

the right – dependence of specific energy barrier Lb of supercooled metastable water on 
temperature T: circles – experimental data, blue dashed curve – their approximation; 

triangles – experimental results of ice mass fraction αm after propagation of 
crystallization front, dot and dash-dotted curve – its approximation, continuous curve 

shows the dependence of critical velocity of suddenly shattered liquid on solid body 

surface on temperature 

 

Figure 4: Equipotential surfaces of TIP4P water pair interaction potential 

“Fig. 4” shows that the water molecules pair interaction potential is significantly nonsymmetrical. One 

can see semitransparent equiscalar surfaces of this potential. Values of these isosurfaces are related 
to the characteristic value ℇH2O=1.12∙10–20 J. For this example, we used water molecules pair 

interaction potential TIP4P [18]: 𝑈(𝑟1, 𝑟2) = 4𝜀 [(
𝜎

𝑟12
)
12

− (
𝜎

𝑟12
)
6

] + ∑ ∑
𝑄𝑖𝑄𝑗

4𝜋𝜀0𝑟𝑖𝑗
𝑗𝑖 , here R1, R2 –radius-

vectors of two molecules’ mass centers, rij – radius-vectors between water charged atoms, ε0 –
galvanometric constant, σ=3.154∙10–10 m, ε=1.0772∙10–21 J, QH=0.52 e, QO=–1.04 e, e – charge of 

J/kg 

m/s 
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the electron. The presence of potential wells in intermolecular interaction potential explains 
peculiarities of supercooled water crystallization. 

It should be noted that crystallization may be accompanied with infrared radiation [19] or 
electrization [20], due to the sudden change in the organization and the internal state of liquid 

molecules freezing, can be accounted as one of the crystallization phase heat transfer channels. Let 

us estimate the density of this radiation flux q when supercooled water crystallizes: 
qΔSΔt = CΔm(Tf – T) – LΔmαm = (C(Tf – T) – Lαm)ρΔSVΔt   (8) 

from this equation one can obtain  mf LTTCVq  )(       

Here Δm – mass element, ΔS – area element, Δt – small time interval; С – water specific heat 

capacity. 

4 MOLECULAR DYNAMIC SIMULATION OF A SURFACE ICING 

In order to simulate physical mechanism of aircraft icing and supercooled water crystallization, we 
used ab initio calculations and molecular dynamics technique[21-23]. To simulate droplets’ 

impingement on solid body in a boundary layer, we developed numerical algorithm which is described 

in [24, 25]. Water molecules interact with each other via pair interaction potential. In order to 
determine potential of interaction between water molecule and solid body we used ab initio 

calculations.  
 

  
Figure 5: On the left – computation region for molecular dynamics study of water particle 

motion in the boundary layer of a wet air; On the right – ab initio calculation of potentials 
of interaction between water molecule with solid body atoms: 0 – water- water; 2 – 

water- iron; 3 – water- copper; 4 – water- titanium; 5 – water- ftourine 

 
Figure 6: On the left – Illustration of water droplet behavior on a flying vehicle’s surface; 

on the right – dependence of calculated via molecular dynamic wetting angle with 
corresponding angle which was obtained from expression (9) 

“Fig. 5” illustrates results of quantum chemistry calculation of characteristic energy of interaction 
between water molecule and solid body atoms. Calculations of Schrödinger equation for multielectron 

atomic system were carried out in a basis: #T MP2/6-311+G(d,p): 
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∑ Δ𝑖Ψ
𝑁
𝑖=1 +

2𝑚

ℏ2
(𝐸 − 𝑈 + ∑

1

4𝜋𝜀0

𝑒2

𝑟𝑖

𝑁
𝑖=1 )Ψ = 0, where =

1

2
∑ ∑

1

4𝜋𝜀0

𝑁
𝑘=1,𝑘≠𝑖

𝑁
𝑖=1

𝑒2

𝑟𝑖𝑘
 . Here Δ – is Laplace 

operator Δ𝑖 =
𝜕2

𝜕𝑥𝑖
2 +

𝜕2

𝜕𝑦𝑖
2 +

𝜕2

𝜕𝑧𝑖
2. 

In order to transform energy values from Hartree to Joules, one may use the following equation: 

J
b

c

bme

18

2

2

1036.4Hartree1 





. 

In “Fig. 6” One can see that formula for spreading coefficient 

    Ak =
𝜀𝑤−𝐻2𝑂

𝜀𝐻2𝑂−𝐻2𝑂
≅

1+𝑐𝑜𝑠𝜃

2
     (9) 

coarsely approximates results of molecular dynamics calculations. Algorithms of molecular dynamic 

simulation of interaction between water molecules with solid body atoms was developed from 
previous publications[24,25]. 

Conclusion 

Mathematical models of nonspherical particles’ motion in nonuniform flow were developed. Results of 
numerical simulation of aerosol flow with nonspherical particles near a transversal cylinder were 

presented. Original mathematical models for stochastic motion of nonspherical particles were 
investigated. Mathematical models of peculiarities of supercooled water crystallization were developed 

and based on presented experimental data. In particular, the dependence of specific energy barrier of 
supercooled water on cooling temperature was obtained. Dependence of mass fraction of ice crystals 

on cooling temperature which appear after crystallization front propagation thorough metastable 

supercooled water was also obtained. Experimental estimation of critical impingement velocity which 
characterizes the beginning of metastable supercooled droplets’ crystallization when they impinge the 

solid surface was made. Molecular dynamic study of interaction aerosol flow with a solid body showed 
correlation between wetting angle with spreading coefficient. 
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