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Objectives

— Optimality of standard const-M, const-h procedure
— Optimal cruise (M*(W), h*(W), Raz)
— Best standard cruise (M., hyest, Rpest)

Rbest )
Rmam

— Comparison (



Equations of motion

Aerodynamic model

Propulsive model

Formulation
T=0D
L=W

dr
— =V
dt
1
1dw 5
g dt
Cp =Cp(M,C)
h
C = @C’C(M)
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Formulation (2)

Range
ty 1 Wf 1 W; M
R:/ th:——/ dez—/ 2 aw
5 gJw, c¢T g.Jw, ¢D
%4 P 1
4o D; L GO M?’ D’ do 2/43100
a(h) M

% = (M, ) D(M, 5,1V

W;
R:/ Sy (M, 5, W) AW

Wy

Optimal cruise: find the optimal control laws M*(W') and 6*(W') that maximize
range



Euler-Lagrange equations

0Sw _ d_(0Sx\ _
oM AW \onr)

95w d_(9Sp) _
96 AW\ 95 )
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dc oD
oD
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Dimensionless Euler-Lagrange equations

dCe 0Cp JdCp\
ODMW—'_CC (CD+M8—M_2CL80L) =0
0Cp
CD_CL@CL =0

Solution:
M = const = M*
Cp = const =C]

Optimal control laws:
M= M~

%%
(W) =
( ) QO(M*)2CE

Optimal procedure: cruise climb at constant M
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Maximum range

Ry — / S (M (W), (V). 1) dTY

Wy
Ly M*E* W,
R, = —In
g CC Wf
here F* CL C* C(M*)
W I‘ o o
Cp(M+,Cr)y ¢ ¢

The Breguet range equation represents optimal performance
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(provided that the constant values of Mach number and lift coefficient are the
optimum values M* and C} defined by the Euler-Lagrange equations)
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Symmetric drag polar
Cp = Cp,(M) + Cp,(M)C}

E-L equations

2 dCe 1 dCp, 1 dCp, 2

<y M
CodM " Cp dM < CpdM M —

Cp, (M)
CD2<M*)

CDO—CDQCEZO — Cz

Maximum range

LH M*Emaa:<M*) I/I/z

Rmax —
g Co(M~) Wy
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Standard cruise

Constant M, constant h

Symmetric drag polar

Range
2 [—
R _ LH MEma:U(M)2 arctan QO(SM CL,opt(M)(L/‘/z Wf)
g CC<M) [qoéMQCL,opt(M)] + I/Vsz
Cp,(M)
here Cp ,r = -
wlnere L,opt CDQ(M)

(Ref: N.X. Vinh, Flight Mechanics of High-Performance Aircraft, 1993)
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Best range

Best range: constrained maximum range
R=R(M,¢§) =
OR

W
R
%—O

B Ly,

dM | Co(M)
W,W
WV, — [q6M2Croy(M)]P =0 —> e = —
f [QO Lot )} best M2 _,ClLopt( M)
Best range
LH MbestEma:z:(Mbest) VVZ T Wf

Rbest -

2 arctan

g CC<Mbest> 2\/ ‘/I/;Wf
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Best range (2)

M,.ss = M* (given by the same E-L equation)

Cp,(Myest) Cp,(M*)
CL,opt( best) \/CD2 (Mbest) CD2 (M*) CL

Wi
0f = ———5
qOA]\4>‘< Cz

4 / S
f qo 7‘1*2023 best f
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Opest 15 the geometric mean of the initial and final optimum values o) and 5;2

(the initial and final cruise climb values)

Relationship between the best standard procedure and the op-

timal procedure: M., = M* and 0y.ss = 4/0;0}
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Comparison Best range vs Maximum range

2 arctan Wi — W, 2
arctan
Rbest 2 V VVZWf _ Vv - C
Rinas In Wi - In !
Wf 1—C

where ¢ =
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Comparison Best range vs Maximum range (2)

0.998}

0.992

0.99

R €S . .
For a fuel load ¢ <0.38 one has Rb ! >0.99006, that is Ry.q is less than 1%

max

smaller than R,
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Summary

= General aircraft model (high-speed, commercial aircraft)

= Optimal cruise:

e cruise at constant Mach (M*(W') = constant) and constant Cf,

e cruise climb (6* = §*(W))

= Maximum range: given by the Breguet range equation

(optimum performance)

= Best standard cruise quite close to optimal cruise
(Mbest - M*a 5best — 1\ 51*5;;)

m Best range: Ry >0.99R,,0.
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