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Abstract

Unmanned aircraft formation control has recently be-
come an important and growing research field. The in-
terest in this research area is due to the wide quantity
of applications, either civil or military, as, for example,
survey missions in adverse environment. Most of UAV
formation control systems developed until now make
use of two-dimensional formation models, while in this
paper we propose a control law, based on a nonlinear
dynamic inversion approach, whose aim is to maintain
a desired three-dimensional geometry formation.

1 Nomenclature

CL = lift coefficient
CD = drag coefficient
CY = side force coefficient
Cl = roll coefficient
Cm = pitch coefficient
Cn = yaw coefficient
D = drag
Fx = body force along x axis
Fy = body force along y axis
Fz = body force along z axis
Ji = i-th moment of inertia ( kg m2)
ki = i-th gain
L = lift (N)
L̄ = rolling moment (Nm)
M = pitching moment(Nm)
N = yawing moment (Nm)
T = thrust (N)
Y = side-Force (N)
V = velocity (m/s)
b = wingspan (m)
c̄ = mean aerodynamic chord (m)
g = gravitational acceleration ( m/s2)
m = aircraft mass (kg)
p = roll rate (rad/s)
q = pitch rate (rad/s)
q̄ = dynamic pressure ( kg/(m s2))
r = yaw rate (rad/s)
x = position along longitudinal x axis (m)
y = position along lateral y axis (m)
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h = position along vertical h axis (m)

Acronyms

NLDI = Nonlinear Dynamic Inversion
UAV = Unmanned Aerial Vehicles

Greek letters
α = angle of attack (rad)
β = angle of sideslip (rad)
δa = aileron deflection (rad)
δe = elevator deflection (rad)
δr = rudder deflection (rad)
ν = new input
φ = roll angle (rad)
ψ = yaw angle (rad)
ρ = air density ( kg/m3)
θ = pitch angle (rad)

Subscripts
des = desired
f = follower
x = projection along x axis
y = projection along y axis
h = projection along z axis

2 Introduction

Aircraft formation control has become an active re-
search area both for the challenge it offers from the
control system viewpoint and for the innumerable ad-
vantages it presents in different aerospace applications.
In particular, the popularity of Uninhabited Aerial Ve-
hicles (UAV) has substantially increased in recent years
and, indeed, UAV flight formation is already playing a
major role in most military operation.

In a manner similar to migratory birds, aircraft in a
formation may experience a substantial drag reduction
using the vortex upwash created by the leading aircraft,
with potential fuel reduction and significant benefits for
both military and commercial employments. However,
the enormous potential of autonomous vehicles, espe-
cially low cost, small size UAV is far from being fully
realized.

For example, future employments will involve the
terrestrial monitoring in hostile environments, with
applications involving not only the military sphere
(weapon detections, enemy surveillance), but also the
civil field[1] (rescue, fire location, etc.). In these cases
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the strength of a formation flight based mission lies,
on one side, in a wider coverable surface and, on the
other side, on the fact that it removes any risk of life
losses. The UAV cluster utilization is desirable not only
for its logistic and technical qualities, but also for the
economic characteristic of such a solution. In fact, an
important economical aspect is the cheapness in man-
ufacturing a few number of equal, small aircrafts when
compared to a unique bigger aircraft. Furthermore, as
regularly demonstrated by migrating birds, aircraft in
a formation can experience a drag reduction by close
flight by exploiting the wakes generated by the other
aircrafts. This may translate in a substantial fuel con-
sumption reduction, an important feature especially for
long duration missions. Finally, autonomous formation
flight systems are widely investigated due to their close
connection to the aerial refuelling problem.[2, 3]

In order to guarantee the advantages related to
the formation flight, it is usually required to main-
tain a prescribed formation geometry. Accordingly,
autonomous formation flight represents a challenging
task both from the viewpoint of flight dynamics and
that of flight control. Most of the existing literature
is concerned with the problem of aircraft formation
control[4, 5, 6, 7, 8] and/or aerodynamic interference mod-
elling,[9, 10,11] while a fixed formation structure is as-
sumed. Although various structures have been pro-
posed,[4, 5, 6, 7, 8, 12,13] here we assume a formation based
on a leader-follower structure. The first aircraft in the
formation is designated as the leader, with the other
aircraft treated as followers. While the leader aircraft
maintains a given trajectory, the followers refer their
position to a prescribed formation geometry, that is,
track a fixed relative distance from the neighboring air-
craft. The advantage of such a structure lies in its sim-
plicity and, therefore, it is widely employed in control
and management of multiple vehicle formations.

The aim of this work is to establish a control archi-
tecture which is able to maintain the prescribed for-
mation geometry. Such a goal is achieved using a con-
trol system architecture constituted by two loops. The
outer one uses the nonlinear dynamics inversion the-
ory to obtain the commands required for the geometry
maintenance, while the inner loop guarantees that the
desired command tracking is achieved. A detailed ex-
ample demonstrates the effectiveness of the proposed
methodology.

3 Formation Modeling

Assuming that the leader is following a desired trajec-
tory, our goal is to control the generic follower flight
path starting from the knowledge of that of the leader
and of the formation geometry.

4 Aircraft Equations of Motion

The nonlinear aircraft mathematical model is described
by the following set of nonlinear differential equations
characterizing the flight dynamics of a rigid aircraft
flying in a stationary atmosphere over a flat and non-
rotating Earth.[14]

V̇ =
1
m

(Fx cosα cosβ + Fy sinβ + Fz sinα sinβ)

α̇ =
1

mV cosβ
(−Fx sinα+ Fz cosα) + q+

− (p cosα+ r sinα) tanβ

β̇ =(−Fx cosα sinβ + Fy cosβ − Fz sinα sinβ)/(mV )
+ p sinα− r cosα

ẋ =V [sinβ(sinφ sin θ cosψ − cosφ sinψ)
+ cosβ sinα(cosφ sin θ cosψ + sinφ sinψ)
+ cosβ cosα cos θ cosψ]

ẏ =V [sinβ(sinφ sin θ sinψ + cosφ cosψ)
+ cosβ sinα(cosφ sin θ sinψ − sinφ cosψ)
+ cosβ cosα cos θ sinψ]

ḣ =V (cosβ cosα sin θ − sinβ sinφ cos θ+
− cosβ sinα cosφ cos θ) (1)

θ̇ =q cosφ− r sinφ

ψ̇ =q sinφ sec θ + r cosφ sec θ

φ̇ =p+ q sinφ tan θ + r cosφ tan θ

ṗ =(c1r + c2p)q + c3L+ c4N

q̇ =c5pr − c6(p2 − r2) + c7M

ṙ =(c8p− c2r)q + c4L+ c9N

The ci coefficients are defined in appendix A, while Fx,
Fy and Fz are the body forces, that is:

Fx = T −D cosα+ L sinα−mg sin θ
Fy = Y +mg cos θ sinφ (2)
Fz = −D sinα− L cosα+mg cos θ cosφ

For convenience we define also the force component F �
x

as
F �

x � Fx − T (3)

5 Control System

The control system has been arranged as shown in
Fig. 1. It comprises an outer loop, which implements a
Nonlinear Dynamic Inversion (NLDI)-based controller,
and a faster inner loop, which allows the actuation of
commands through the control surfaces. For each air-
craft (A/C) in the formation the vector y of measured
outputs is fed back to the NLDI control system, which
also receives, as an input information, the vector of ref-
erence trajectory from the formation leader. The aim
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Fig. 1: Control system architecture.

of the NLDI is to compare the actual aircraft position
with the reference one and to generate the commands
necessary to attain a tracking of the desired trajectory.
The outputs of the the NLDI block are in form of a
vector v of “virtual” inputs, which is processed by the
inner loop (constituted by a linear controller K(s) and
by an aircraft linearized model) to generate the actual
vector u of aircraft command inputs. More precisely,
the trajectory tracking is obtained by acting on throt-
tle, elevator and aileron commands.

5.1 Outer Loop

The outer loop is constituted by a NLDI-based con-
troller. The aim of NLDI approach is to reduce al-
gebraically a nonlinear system into a linear one. In
essence, the fundamental ideas can be summarized as
follows. Assume that a generic nonlinear dynamics sys-
tem is described in the form:

ẋ = f(x,v) (4)
y = g(x) (5)

where x is the state vector, y is the measurable output
vector and v is the input vector. If one derives the
output vector w.r.t. the time up to a suitable order n,
the input is recovered explicitly as:[15]

y(n) = F +Gv (6)

Therefore, provided that the G matrix is invertible, it
is possible to accomplish the following algebraic trans-
formation:

v = G−1[ν − F ] (7)

This allows one to obtain a linear dynamics system:

y(n) = ν (8)

The latter can be controlled with classic techniques,
using a suitable form for the ν expression.

Our specific problem is featured by the generic air-
craft position given in an Earth local vertical frame,
or

y =
[
xf yf hf

]T (9)

where subscript f refers to the follower aircraft, while
the vector of “virtual” inputs is constituted by the
pitch-rate θ̇, the thrust command T and the lateral
force Fy:

v =
[
θ̇ T Fy

]T
(10)

According to NLDI theory, the output equations are
derived w.r.t. the time until Eq. (6) is recovered. The
result is

mẍf = −V m(cosβ cosα sinφ− sinβ cos2 φ cosψ cos θ
+ cosβ sinα sinφ cosψ cosφ cos θ + sin θ cosψ
+ cos θ cosψ sinβ) r + cos θ cosψ F �

x +
+(sinφ sinψ + cosφ sin θ cosψ)Fz+
−V m[sinβ cosψ cos θ cosφ sinφ+
− cosβ cosψ sin θ cosα cosφ+

− cosβ cosψ cos θ sinα cosφ2] q+
+V m[sinβ cosψ cos θ sinφ+
+ cosβ cosψ sin θ cosα+

+ cosβ cosψ cos θ sinα cosφ] θ̇
+ cos θ cosψ T+
+(sinφ sin θ cosψ − cosφ sinψ)Fy

mÿf =V m sinψ(cos θ sinβ − cosβ cosα sinφ sin θ

+ cosβ sinα sinφ cosφ cos θ − sinβ cos2 φ cos θ) r
+ cos θ sinψ F �

x

+(cosφ sin θ sinψ − sinφ cosψ)Fz

+V m sinψ cosφ[cosβ sin θ cosα+
− sinβ cos θ sinφ− cosβ cos θ sinα cosφ] q+
+V m sinψ[cosβ cos θ sinα cosφ+

+ sinβ cos θ sinφ− cosβ sin θ cosα] θ̇
+(cosφ cosψ + sinφ sin θ sinψ)Fy

+ cos θ sinψ T

mḧf =V m(cosβ sinα sinφ cosφ sin θ + sin θ sinβ

+ cosβ sinφ cos θ cosα− sinβ cos2 φ sin θ) r
+ sin θ F �

x − cosφ cos θ Fz

+V m cosφ[− cosβ cos θ cosα− sinβ sin θ sinφ
− cosβ sin θ sinα cosφ] q
+V m[cosβ cos θ cosα

+ sinβ sin θ sinφ+ cosβ sin θ sinα cosφ] θ̇
+ sin θ T − sinφ cos θFy

The relationships between the output derivatives and
the virtual inputs have been inverted to obtain the al-
gebraic transformation which describes the system ac-
cording to Eq. (8). The resulting linear system is con-
trolled by solving a pole assignment problem for each
channel as follow:

ν1 = ẍdes − kxd
(ẋ− ẋdes) − kxp

(x− xdes)
ν2 = ÿdes − kyd

(ẏ − ẏdes) − kyp
(y − ydes) (11)

ν3 = ḧdes − khd

(
ḣ− ḣdes

) − khp
(h− hdes)

Note that each channel behaves like a pure second order
system whose dynamics can be chosen by the designer
through the proportional and derivative gains kxp , kxd

,

1273



kyp , kyd
, khp and khd

. As a result of the preceding
procedure, the virtual inputs have been obtained as a
function of the reference (that is“desired”) position and
its derivative. The explicit expressions for the virtual
inputs are given in Appendix B.

5.2 Inner Loop

The inner loop controller is composed by both a lateral-
directional and a longitudinal channel, whose purposes
are to track the desired inputs. As far as the thrust
is concerned, in a first approximation the engine dy-
namics has been neglected, and the desired command
has been directly introduced into the aircraft dynamics
equations.

5.2.1 Longitudinal Controller

The longitudinal inner loop controller is a linear con-
troller that tracks the desired angular rate θ̇ using the
elevator deflection command.

5.2.2 Lateral-Directional Controller

The lateral-directional inner loop controller is a linear
controller that tracks the desired lateral force Fy using
the ailerons deflection command. Also, the stability of
the roll rate channel is augmented with a classic yaw
damper.

5.3 Formation Flight Simulation

The procedure described above has been implemented
in a Simulink-based simulation program for formation
constituted by two identical UAV. The geometric, in-
ertial and aerodynamic data of both aircraft have been
taken by the database available at West Virginia Uni-
versity, where these vehicles have been designed, built
and tested.[16] The aircraft geometric, inertial and
aerodynamic data of the aircraft model have been sum-
marized in Tab. 1–3.

c̄ = 0.7649 m b = 1.9622 m
S = 1.3682 m2 m = 20.6384 kg
Jx = 1.61 kg m2 Jy = 7.51 kg m2

Jz = 7.18 kg m2 Jxz = −0.59 kg m2

Tab. 1: Aircraft geometric and inertial data

The simulation results are shown in Figs. 2–7.

CD0 = 0.08
CDα

= 0.508 rad−1

CDq = 0
CDδe

= −0.0339 rad−1

CL0 = −0.049
CLα

= 3.258 rad−1

CLq
= 0

CLδe
= 0.189 rad−1

Cm0 = 0.0226
Cmα = −0.4738 rad−1

Cmq
= −3.449 rad−1

Cmδe
= −0.3644 rad−1

Tab. 2: Longitudinal aerodynamic derivatives

CY0 = 0
CYβ

= 0.2725 rad−1

CYp = 1.2151 rad−1

CYr
= −1.1618 rad−1

CYδa
= 0.1836 rad−1

CYδr
= −0.4592 rad−1

Cl0 = 0
Clβ = −0.0380 rad−1

Clp = −0.2134 rad−1

Clr = 0.1147 rad−1

Clδa
= −0.0559 rad−1

Clδr
= 0.0141 rad−1

Cn0 = 0
Cmβ

= 0.0361 rad−1

Cnp = −0.1513 rad−1

Cnr
= −0.1958 rad−1

Cnδa
= −0.0358 rad−1

Cnδr
= −0.0555 rad−1

Tab. 3: Lateral-directional aerodynamic derivatives
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Fig. 2: Comparison between desired and simulated x-position.
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Fig. 3: Comparison between desired and simulated y-position.
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Fig. 4: Comparison between desired and simulated vertical
position.

6 Conclusions

This paper, aimed to demonstrating a successful appli-
cation of NLDI to the design of UAV formation guid-
ance laws, introduces a innovative concept consisting
in the use of such a design methodology for a three-
dimensional aircraft formation control. The control
system is constituted by two loops; the outer one makes
use of a NLDI approach to obtain the command his-
tory, while the inner one realizes the tracking of the
commands with classic linear methods. The simulation
results show the effectiveness of the proposed method-
ology.

Appendix A

The inertial coefficients are defined as follows. Define:

Γ � JxJy − J2
xz
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Fig. 5: Time history of aileron deflection to track the desired
trajectory.
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Fig. 6: Time history of aileron deflection to track the desired
trajectory.

then

c1 =[(Jx − Jz)Jz − J2
xz]/Γ

c2 =[(Jx − Jy + Jz)Jxz]/Γ
c3 =Jz/Γ
c4 =Jxz/Γ
c5 =(Jz − Jx)/Jy

c6 =Jxz/Jy

c7 =1/Jy

c8 =[Jx(Jx − Jy) + J2
xz]/Γ

c9 =Jx/Γ
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Fig. 7: Time history of rudder deflection to track the desired
trajectory.

Appendix B

In this appendix we give the explicit relationships for
the virtual inputs, according to Eq. (7).

Tdes =
1

cosβ cosα cosφ
( − sinβ sinφFz +

− sinα cosφ cosβ Fz +
− cosφ cosβ cosαF �

x +
+m sin θ cosφ cosβ cosα ν3 +
+m sinβ sinφ sin θ cosψ cosφ ν1 +
+m cosψ cos θ cosφ cosβ cosα ν1 +
+m cos θ sinψ cosφ cosβ cosα ν2 +
−m sinα cos2 φ cos θ cosβ ν3 +
+m sinα cos2 φ sin θ sinψ cosβ ν2 +
+m sinα cos2 φ sin θ cosψ cosβ ν1 +
+m sinα sinψ sinφ cosφ cosβ ν1 +
−m sinβ sinψ cos2 φ ν1 +
+m sinβ sinψ ν1 −m sinβ cosψ ν2 +
+m sinβ sinφ sin θ sinψ cosφ ν2 +
+m sinβ cos2 φ cosψ ν2 +
−m sinα sinφ cosψ cosφ cosβ ν2 +
−m sinβ sinφ cos θ cosφ ν3

)

Fydes = − (m cosψ ν2 + sinφFz −m sinψ ν1) cosφ
sin2 φ− 1

θ̇des =
1

V cosβ cosα cosφ
( − sinψ sinφ ν1 +

+V cos2 φ cosβ cosα q +
+ cos θ cosφ ν3 + Fz/m+
−V sinφ cosφ cosβ cosα r +
+ sinφ cosψ ν2 − sin θ sinψ cosφ ν2 +
− cosψ sin θ cosφ ν1

)
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