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Abstract

For automatic flight control, indicated airspeed Vas, angle of attack (AOA) and altitude have to be measured.
This can be achived by absolute and differential pressure sensors. As pressure sensor signals are noisy,
they have to be filtered. Another influence on the sensor signals is atmospheric turbulence (process noise).
An optimal filter solution in presence of measurement and process noise is a continuous Kalman-Bucy filter.
The observer structure of the filter allows signal quality improvement and broadband estimation of
immeasurable states. The system model that is needed for filter design is the flight mechanical model of the
longitudinal aircraft motion combined with Dryden’s model of turbulence. With such a model, the two
immeasurable states, the wind-induced angle of attack ay and the wind velocity V\ can be estimated. The
estimated states can be used for effective feed-forward gust alleviation up to the frequency range of the
short period mode. For proof of this filter concept and its robustness, different kinds of disturbances such as
discrete gusts and a bias in the o measurement are simulated and discussed.

P = probability distribution
NOMENCLATURE 0 = measurement noise
Acronyms O = pitch angle
r = white noise source
ADS = air data system o = standard deviation
AOA = angle of attack u = input vector
AOSS = angle of sideslip - _ . . A
_ , u = velocity component in x direction
(E)KF : (extended) Kal_man filter w = velocity component in z direction
UAS = unmanned aerial system _ .
_ . X \% = velocity
UAV = unmanned aerial vehicle _
X = state vector
Letters and Symbols & = process noise (model uncertainties)
y output vector
a = angle of attack z = disturbance vector
A = system matrix _ . . .
= €] = measurement noise covariance matrix
B = input matrix - . . .
= ) = process noise covariance matrix
Cc = measurement matrix =
E = disturbance matrix Index
F = disturbance correction matrix
= . A = aerodynamic
Y - ﬂ'g.ht path angle alc = aircraft
H = altitude . ' _ b = body fixed
H Kalman filter gain matrix Dry = Dryden
n = number of states g = geodetic
n elevator deflection angle K = ftrajectory fixed
N = thrust power setting meas = m_easurement
L = characteristic wave length W = wind
p) - Eigen values of the system 0 = reference state
® = characteristic cut off frequency
P = estimation error covariance matrix
q = pitch rate
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1 INTRODUCTION

For automatic flight control, indicated airspeed Vs,
angle of attack (AOA) and altitude have to be
measured. This information about the air flow condition
can be measured by absolute and differential pressure
sensors (Prandtl and 4-hole probe). As pressure sensor
signals are noisy they have to be filtered. Another
influence on the sensor signals is atmospheric
turbulence (process noise). An optimal filter solution for
compensation of measurement and process noise is a
continuous Kalman-Bucy filter. The Kalman-Bucy filter
is optimal for white process and measurement noise.
Turbulence does not have the characteristics of white
noise, so this constraint of the Kalman-Bucy Filter
derivation is not met. Dryden’s model for turbulence is a
possible description of process noise and the input of
Dryden’s model for turbulence is white noise. Therefore,
it is suited to extend the flight mechanical model of the
longitudinal aircraft motion to develop an observer to
filter the needed signals and to estimate the wind angle
of attack as well as the wind velocity. The estimated
states can be used for broadband feed-forward gust
alleviation, to smooth the aircraft’s flight and to improve
the ride quality or measurement conditions for payload
sensors like gravimeters in the frequency range of the
short period mode.

In Wise [1] an Extended Kalman Filter (EKF) is used to
determine the AOA and AOSS based on the nonlinear
six degree-of-freedom equations of motion and a
detailed aircraft aerodynamic model. The EKF
framework uses inertial measurements of Euler angles,
body rates, body acceleration and measurement of
dynamic pressure. This approach was successfully
flight tested in the X-45 program. Heller [2] and Myschik
[3] use a complementary filter approach based on linear
equations to determine AOA and AOSS to extend the
bandwidth of these signals. Hoffmann [4] picked this
approach up and discussed it in presence of
disturbance. Braga [5] shows a low computational cost
method dealing with time varying noise statistical
properties using a new approach for an adaptive EKF.
The method is validated in flight path reconstruction
application, with simultaneous air data calibration for
AOA, AOSS and static pressure sensors. Combining a
linear model of the short period motion and Dryden’s
turbulence model for wind induced AOA, Hoffmann [6]
has shown a Kalman-Bucy filter approach for precise
and broadband AOA determination in presence of
atmospheric turbulence and measurement noise. An
approach how wind AOA can be computed using
relations of flight mechanic variables that can be
measured in sufficient quality is shown in Hahn [7].

The following explanations are related to the Unmanned
Aerial System (UAS) developed by students at the chair
of Flight Mechanics, Flight Control and Aeroelasticity at
Berlin Institute of Technology. A detailed overview on
the UAS and a description of its air data system is given
in [4] and [6].

The paper is structured as follows: in section 2 the
Kalman-Bucy filter approach is explained in detail.
Section 3 describes the Kalman-Bucy filter design and
in section 4 simulation results are presented.
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2 FILTER APPROACH

In presence of measurement and process noise the
Kalman-Bucy filter (KF) generates optimal estimations

of system states X or output variablesy, see ref. [10].

The KF can be used to filter noisy measurements or to
estimate immeasurable states, Fig. 1.

6 (measurement noise)

& (process noise)

—¥ y (output) t
u (input) plant
Kalman
filter

l X;y (estimations)

Fig. 1: Kalman filter problem
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Fig. 2: Plant and Kalman-Bucy

The KF structure is shown in Fig. 2. The system
matrix A, the input matrixBand the measurement

the

Estimations are highlighted with ~ such as the
state X and output estimations y . Although the base for

matrixgdescribe linear system dynamics.

the filter problem is of a statistical approach, the
solution is of the same type as for linear quadratic
optimal problems (LQR, Riccati). The KF gain

matrix H will be calculated in dependency of the process
and measurement covariance matrices = and@. For a

derivation the reference should be made to [10]. The



Deutscher Luft- und Raumfahrtkongress 2010

optimal KF gain matrixH is calculated as follows:

)

The estimation error covariance matrix X is the positive

solution of the quadratic matrix equation, known as
Filter Algebraic Riccati Equation (FARE), ref. [10].

o
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(2)

The requirements for the
solution are:

existence of an optimal

e  Zis positive semidefinite, symmetric,
e O is positive definite, symmetric,

o the system (A;C) is observable.

These requirements are derived by the assumption of
white noise for6and &, ref. [10]. If the optimal state

estimateszare computed, the outputsy , including

immeasurable states, can be calculated via the

additional output matrix 9 .

The system model that is necessary for filter design
consists of two parts: a linear aircraft model and a
disturbance model, in this case Dryden’s model for
turbulence. These two models are explained in the next
two paragraphs and afterwards the coupling to become
the system model is described.

Linear state space aircraft model

The dynamics of an aircraft are modeled in a nonlinear
form as follows:

t Z t 't)+b(>a/c

Jb.z{)t)+o(t)

a/(:t a(>a/ct' Yarc

t)+2,0)
alc 3
a/ct CLalct' ( )

Where X,,.is the state vector, u,, . is the control input

vector, & ] is the stochastic plant disturbance correlated

to model uncertainties, ya/Cis the measurement

vector, 0 is the stochastic measurement noise and z is
the disturbance vector. The functions a, b and ¢ model
the nonlinear state dynamics and measurements. The
linear aircraft model is derived by Jacobians of this
nonlinear 6 degree of freedom model, for horizontal
level flight of the aircraft, with respect to the state
vector X the control input vectoru the output

In the

2alce Zalc’

vector ya/cand the disturbance vectorz.

resultant linear state space representation for
longitudinal motion, the influence of X ;.. U, .. ya/c Z
and the noises 51, 0 on the aircraft dynamics and on

the measurement can be described as follows:

277

Xajc = Aa/ Xale +B Ic Yare +Ea1/cz+§1 (4)
Xa/c_Ca/ 7a,C+F Z+Q

Ak 9k

oK o

i Oy

Xare = | Vk | Yarc |:nF:|1 Xa/c =|Va} Z=|:VW:|

0

H H

The aircraft states are body axis pitch rate q,
kinematics AOA a, flight path velocity Vi, pitch angle ®
and altitude H. The output vector consists of the body
axis pitch rate g, the AOA o and airspeed V, as well as
the pitch angle ® and the altitude H. Input is the
elevator deflection n as well as the thrust power setting
ne. Wind AOA oy and wind velocity Vy are the
disturbances. For the reference state (V=20 m/s; H=100
m; y=0°; no wind) the numerically derived model is
given in the appendix.

Disturbance model

The kinematic relation of aircraft and wind states in the
longitudinal motion is shown by the velocity vector
equationV, =V, + V,, in Figure 3. In this figure x, is
the body fixed reference frame, Vy is the wind speed,
V is the flight path velocity and V, is the airspeed. The
wind components Wy, Uyg are defined in the geodetic
reference frame (index g). vy is the flight path angle, a is
the AOA and ag is the kinematics AOA. Using the
relation shown in Figure 5, the wind AOA ay can be
calculated by equation (5)

. w .
sinay = —22 cosy — —9 siny (5)
A A

For horizontal flight (y=0) and small disturbances the
wind AOA ayy follows from the linearized equation

Fig. 3: Velocity vector diagram

Not only the kinematical relations are of interest, a time
dependant model for ay and V\y is needed as well.
Dryden’s turbulence model is a possible approximation
of real gust Power Spectral Density (PSD). To generate
these PSD for simulation purpose, white noise r(t) is
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sent into a Dryden filter as shown in Fig. 4. For vertical
and horizontal turbulence the transfer functions are
given by eq. (7) and eq. (8), where o is the turbulence
strength, Vg is the flight path velocity, L is the
characteristic wave length, o is the characteristic cut off
frequency and T the characteristic time constant. The
index w specifies the vertical wind component and u the
horizontal.

W) 5 Val(t
white noise | Dryden filter M»

Fig. 4: Turbulence simulation

: 2= 1+5sV3T L, 1
Faw (S) = GEVTW (1++s;/_|__ )\/2v ; Tw=oF= 0)_
w

s [h2 1 . L1
Fow(s)=1+/202T, —(1 ST T, = v (8)

The filter characteristics depend on height, atmospheric
stability, terrain roughness and wind speed. The
characteristic values of the Dryden filter for V=20 m/s,
stable atmosphere, H=100 m and medium turbulence
o,=5 m/s are, according to [11], as follows:

e L,=93m,L,=100 m
e ®,=0.2151 rad/s, ®,=0.2 rad/s
e 0,~3.5m/s.

Uncertainties in the Dryden filter characteristics are
modeled as process noise (&) in the filter design
section. Using the linear equation (6) Dryden’'s
turbulence model can be written in observer state space
form as:

Xory = éDryZDry + EDry[ + §2
z=C_Xx ®)
= =Dry_Dry
Sy ] |0 -2 0 |[Say
daw |=|1 —20, O ||Say |+...
Ny | [0 0 —w,l|dVy

R
ry w
0 Oya/ 20, S
5
saw] [0 1 0w
vy | |0 0 1%
W Vi

System model

The models explained in the previous two paragraphs
have to be coupled to become the system model that is
used for filter design. Figure 5 shows the detailed plant
and the Kalman-Bucy filter structure. The linear aircraft
model (eq. (4)) can be combined with Dryden’s
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turbulence model (eq. (9)) and therefore the disturbance
input r(t) to the model via §Dry is white noise and the

KF derivation constraints are fulfilled. Because of the
immeasurability of r(t) the input vector is
u= [C_) ga,C]T . For the estimation of a bias in the AOA

measurement an additional state (ayi,s) has to be
modelled as a random walk process. The system model
state space equations

X=AX+Bu
y=CX (10)
y=CX

can be written explicitly as follows:

. éDW éDry (:) Q gDry
B]= -la/c = Ea/CgDry éa/c 0 Xac |+
Gpias | |0 0 O] %ias
=Dry = 0
+ 0 B { = }
(:) =alc U/
[ Gk
~a éDry
y]: \{..A :[Ea/cgmy ga/c 9bias:| Xarc
(? Upias
| H
Qbias:[o 100 O]T
'y c
g 0000100 0 O0fZXp,
&]=aw=01ooooooogm
pias 0 000 O0O0O0 0 1oy
V| 001000000 (11)
Observability

A system is observable if eq. (12) is true.

H-A
rank - =n (12)

Where 2; are the Eigen values and n is the number of
states [12]. The system is observable because of the

coupling in the system matrix Acaused by

, C_ and in the measurement matrix C caused
=a/c=Dry =

byF C

, so this requirement is fulfilled.
=a/c=Dry
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3 KALMAN-BUCY FILTER DESGIN

Measurement noise characteristics

The covariance matrix@, describing the measurement

noise, is determined by datasheet® [13] and the wind
tunnel measurements explained in [6]. The altitudes
standard deviation o is an approximation.

02 | o2 | (0.6m/180) |
02 o2 (0.57/180)
© =diag 63 |=diag o3 |=diag (0.35)
02 o2 (0.27/180)
[0h ] Lok 1

Process noise characteristics

For this particular filter design model uncertainties are
modeled via process noise (&2 and <";1 ). The first three

system states of X are the turbulence states and the
model uncertainties are described via§2. The design

takes the white noise source rof the Dryden’s

turbulence model into account. The chosen standard
deviation for process noise describing model
uncertainties are in the same value range as for
comparable measurement noise standard deviation.

0] &2,
1 g2, +1
1 &, +1
2 0 iﬁK
E = diag =2 |+ diag| 0 | = diag ij
é1 0 &\Z/K
0 &6
0 e
—0— éf“bias
(0.17/180)
(0.57/180)% +1
(0.357 +1
(0.67/180)
E=diag| (0.57/180)
(0.357
(0.27/180)
12
(035 |

® 6, is calculated from angular random walk and o is set
equal to repeatability
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The resulting Kalman gain matrixH and the estimation

error covariance matrix X are in the appendix.

4 RESULTS

The simulations were performed on a standard PC. The
system model and the Kalman-Bucy filter were
implemented in SIMULINK, as shown in Fig. 5. A 4th
order Runge-Kutta algorithm was chosen for numerical
integration with a step size of 0.02 s.

Case 1: nominal condition

Figure 6 to 10 show simulation results for the derived
system model and the Kalman-Bucy filter. The aircraft is
in trimmed condition, disturbed by Dryden turbulence
and responding to elevator block inputs, see Fig. 6.
Measured states have the index “meas” and the
estimated states are marked with ~. The strength of
measurement and process noise is as defined in
section 3. After 12 seconds a bias of apis=1° is
introduced as can be seen in Fig. 7 and at the spike in
Fig. 8. In Figure 7 the immeasurable turbulence states
and the bias state are compared with their estimates.

Figure 8 shows time histories of the error (A =X —X)

between the state variables and their estimates and
probability distributions of the error. In these plots the
blue line indicates the mean value and the red lines
indicate the standard deviations of the error. The
correlation  between the aircraft states, the
immeasurable turbulence states and their estimates is
good. The mean errors and the standard deviations are
small. The bias in the oo measurement is well estimated.
Figure 9 and 10 show the Fourier analysed signales, in
a logaritmic representation, of ay and the estimated

ay as well as Vy and the estimates \7W. Up to 2 Hz,

which correspond to the short period mode of the
aircraft, awy and @, are close to each other. For higher

frequencies, which are not of interest, the estimation is
too high. The correlation of Vy and its estimation is

good up to 1 Hz. For higher frequencies Qwis
underestimated.

Case 2 (discrete gust condition)

To analyse the influence of model uncertainties,
disturbance inputs of the tubulence model to the aircraft
model are replaced by discrete ramp gust for ayy (after
2 sec) and Vy (after 17 sec). The results are shown in
Fig. 11 and Fig. 12. The Kalman-Bucy filter and the
disturbances by process and measurement noise for
the aircraft are the same as for the nominal case.
Figure 11 and 12 show the robustness of the filter
approach. Even for a different disturbance type
(discrete ramp gusts) the estimates for wind induced
disturbances are good. The analysed errors show that
the precision of the estimation equals the nominal case.
The mean error and the standard deviations are small.
Due to the measurement noise and the small stimulated
frequency range by the discrete gust the Fourier
analysed signals (Fig. 13 - 14) show an unsufficent
correlation for frequencies above 0.2 Hz.
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5 CONCLUSION

The application of Kalman-Bucy filtering with a
combination of a linear aircraft model and Dryden’s
turbulence model to improve the measurement of the
aircraft states and to estimate the immeasurable wind
states has proved to be feasible. Simulation results
show a good and broadband correlation between the
states and their estimates up to 2 Hz (short period
mode). The estimations are robust against variations of

For operational use in an aircraft this approach shall be
developed further using an extended Kalman Filter
based on the described concept and a non-linear
aircraft model. The EKF has to be carefully tuned by
observation and minimizing of the estimation error
covariance matrix. The observability of each state under
different conditions, e.g. no turbulence, has to be
analysed.

the disturbance model and a bias in the AOA
measurement.
APPENDIX
For the reference state (V=20 m/s; H=100 m; y=0°) and numerical derivation the aircraft model of the UAV ALEXIS [4], [6]
is given by:
[ac | [-10.5 -50 0 0 0| ak -134 0 50 0 Sax
Ok 0.9 -11 -0.049 0 0| ak -1 0 11 0.049 oy
VK =/-0.36 10.37 -0.092 -9.81 0|V |+|-0.09 0.004 {n}- 10.36 0.092 k/w}t v,
) 1 0 0 0 o0fo 0 o " 0 0o - g,
_H_ | 0 -20 0 20 OfH 0 0 0 0 EH
fak] [1 0 0 0 Ofaqx 0 O 04,
a 0100 Ofog -1 0 0,
VA=oo1oovK+o—1RW}+evA
©| |0 00 10[®| |0 0" |6
|H] [0 000 1|H 0 O 04
The resulting Kalman gain MatrixH and the estimation error covariance matrix X are:
[ 0.034 -0.22 0.0005 -0.1383 0.0029 |
3543 -105.67 -0.0507 12.41 -0.0186
-1.16 2.2 -3.05 -9.26 -0.0468
33.8 -30.9 -0.0069 7.88 —0.0004
H=| 10.22 -6.68 -0.0473 11.06 -0.0186
-89 6.37 0.078 -17.85 -0.0242
0.8759 0.006 —-0.0009 297 —0.0005
-3.811 -1.41 0.1841 -38.44 1.3
| 3.75 1.86 -0.0009 1.385 -0.0001]
[ 0.024 -0.0001 0.0003 0.00 —0.0002 0.0004 —-0.00 0.003 0.00
—-0.0001 0.0109 0.0064 0.0039 0.0024 -0.0002 0.0002 -0.0186 0.0004
0.0003 0.0064 0.6793 -0.0001 0.0066 0.3058 -0.0001 -0.046 -0.00
0.00 0.0039 -0.0001 0.0037 0.0011 —-0.001 -0.0001 -0.0004 0.0004
£=|-0.0002 0.0024 0.0066 0.0011 0.0018 -0.0008 0.0001 -0.0186 0.0001
0.0004 0.0002 0.3058 -0.001 -0.0008 0.3154 -0.0002 -0.024 -0.0001
-0.00 0.0002 -0.0001 0.0001 0.0001  -0.002 0.000 -0.0005 0.00
0.003 -0.0186 -0.0468 -0.0004 -0.0186 -0.024 -0.005 1.3 —0.0001
0.00 0.0004 -0.00 0.0004 0.0001 -0.0001 0.00 -0.0001 0.0004 |
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Fig. 5: Detailed plant and Kalman-Bucy filter structure
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Fig. 6: Simulated time histories of aircraft states, their measurements and the Kalman-Bucy filter

estimates (case 1)
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time [sec]

Fig. 7: Simulated time histories of immeasurable states and Kalman-Bucy filter estimates (case 1)
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Fig. 8: Error analysis of the immeasurable states and the Kalman-Bucy filter estimates (case1)
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Single-Sided Amplitude Spectrum
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Fig. 9: Fourier analysis of a and its estimation (case1)
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Fig. 10: Fourier analysis of V\y and its estimation (case1)
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Fig. 11: Simulated time histories of immeasurable states and Kalman-Bucy filter estimates (case 2)
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Fig. 12: Error analysis of the immeasurable states and the Kalman-Bucy filter estimates (case 2)
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Single-Sided Amplitude Spectrum
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Fig. 13: Fourier analysis of aw and its estimation (case 2)
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Fig. 14: Fourier analysis of V\y and its estimation (case 2)
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