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Abstract

One of the most important tasks of satellite navigation systems consists of propagation delay estimation and 
timing tracking. Related problems appear when considering wideband code division multiple access 
(WCDMA) systems used in mobile communication when transmitted spread spectrum signals propagate 
along reflected paths, especially in urban areas with high buildings. These spreading sequences have an 
inherent resistance against interference errors. Contrary to mobile radio systems, even sub-chip 
synchronization accuracy is required for navigation systems to estimate the position and velocity accurately. 
The reason for this multipath sub-chip resolution is the connection between propagation delay errors and 
delay locked loop (DLL) tracking: The multipath propagation leads to a bias of the loop resulting in a 
positioning error even in the noiseless case. In order to mitigate this multipath effect, a maximum likelihood 
(ML) estimator is formulated taking into account the reflected signals. However, having several amplitudes 
and delays as parameters, the resulting system of equations does no longer suggest a straightforward exact 
solution without dramatic increase in complexity. The potential of the Expectation Maximization (EM) 
algorithm lies in the fact that it iteratively approximates the ML and significantly reduces the complexity by 
breaking down the multi-dimensional non-linear optimization problem of the ML into a number of one 
dimensional ones. This paper investigates the performance of the EM algorithm, and its companion Space 
Alternating Generalized EM (SAGE) algorithm, for high resolution channel estimation of Global Navigation 
Satellite System (GNSS) signals, e.g., the Global Positioning System (GPS) and the Galileo navigation 
system. Also, the efficiency of these algorithms is compared to the wide and narrow correlators, which are 
currently employed in GNSS receivers to mitigate the multipath effect. The EM methods successfully 
estimate parameters of impinging waves for navigation systems due to their good performance, fast 
convergence, and low complexity. Furthermore, a novel extension to the EM/SAGE algorithms is introduced, 
by combining their attractive features with the signal-matched and code-matched correlator techniques 
used in complexity reduction.  

 
 

1. INTRODUCTION 
Position estimation in global navigation satellite systems 
(GNSSs) like the GALILEO system is typically performed 
using pseudorange measurements between several 
satellites and the receiver. A precise location 
determination requires the synchronization of the 
respective line of sight (LOS) path between the 
transmitters and the receivers with sub chip accuracy. Due 
to multipath effect, the reception of signal replicas results 
in biased pseudoranges that will deteriorate the position 
estimation. Hence, it is necessary to mitigate the multipath 
effects in an efficient way. In a mass market receiver, this 
may be partially achieved by a narrow early minus late 
(NEML) or other correlators. Alternative to the correlator 
approach, maximum likelihood (ML) based multipath 
estimation nearly mitigates all adverse multipath effects on 
the pseudoranges [1]. A suboptimum multipath estimation 
based on the iterative expectation maximization (EM) 
algorithm [2] or the improved space alternating 

generalized expectation maximization (SAGE) algorithm 
[3] has been investigated by [4]. J. Selva developed in [5], 
[6], [7] the framework for complexity reduced maximum 
likelihood (ML) channel estimation (CE) methods in 
navigation receivers which allows an efficient 
implementation. This framework comprised different 
subspace approaches which consisted of code or signal 
matched filter (MF) banks or principal components (PCs) 
filter or a suitable combination of these two algorithms. 
In this paper we investigate the complexity reduction 
preprocessing of the navigation signals before applying the 
EM or SAGE algorithms. The performance will be 
assessed and compared to the classical EM/SAGE 
algorithms with no preprocessing. 
Notation: vectors (e.g.               ) and matrices are denoted 

by small and capital bold letters. ’E[� ]’, ’ �̂ ’, ’T’, ’�’, and 
’H’ denote the expectation, estimation, transposed, 
complex conjugate, and Hermitian operators. The operator 
‘�’ expresses the calculation of the Kronecker product 

between two matrices. If applied to a vector Nx C� , the 

Ny C�
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operator diag { x } NN��C denotes the matrix with the 
elements of Nx �� on its diagonal. y  := FFT{ x } 

NC� represents the fast Fourier transform (FFT) of a 
vector 

NCx� whose dimension N is a power of 2. The i-
th column of the unit matrix NN

N1 ��C is termed 
N

N
)N(

i 0.e C� represents the N-dimensional column 
vector with zero elements. 
 

2. CHANNEL MODEL 
In order to demonstrate the influence of the multipath 
propagation on the estimation performance of the LOS 
path and thereby on the position estimation of the MS, the 
channel is modeled as a fixed channel of length L

(1)                �
�

�

���
1L

0l
ll )(a:)(h)t,(h ��	��  

where the number of channel coefficients L is assumed to 
be known to the receiver. The results in this paper can be 
considered as a worst case bound compared to the 
typically considered Rayleigh fading channel model, 
because multipath propagation undergoing Rayleigh 
fading always causes smaller positioning errors than fixed 
multipath propagation does. 
 

3. INTERPOLATION MODEL 
As a pulse shape for the transmission considered in this 
paper, we make use of root raised cosine (RRC) pulses 
g(t) which are defined by an one sided limit frequency fN 

and a roll off factor �. We may write the direct sequence 
spread spectrum (DS-SS) transmit (Tx) signal as  
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where T and Tc = 1/Rc denote the frame duration and 
chip duration with Rc being the chip rate. The pilot and 
data symbol sequences dP,m and dD,m, m = 0, . . . , M � 
1 are taken from quadrature phase shift keying (QPSK) 
modulation. M codewords form the considered time 
interval for CE. The spreading code sequences cp,n, n = 
0, . . . , N � 1 for the pilots and cD,n, n = 0, . . . , N � 1 
for the data are orthogonal Gold codes of length N in this 
contribution. In order to obtain a suitable matrix vector 
factorization beginning from (2), we choose the sampling 
frequency fS as integer multiple of the chip rate RC yielding 
Q := fS / RC samples per chip. If we assume an 
observation interval of duration MNTC, we can define M 
successive signal vectors NQ

mn Cs � , m = 0, . . . , M 

as sm := [s[(m � 1)NQ], . . . , s[mNQ � 1]]T, with s[k] 
:= s (k/fs) , k = (m � 1)NQ, . . . , mNQ � 1. Therefore, 
the sampled Tx signal in matrix vector notation in (2) is s = 
[ T

1s , . . . , T
Ms ]T MNQC� , and sm = dP,mCPg + dD,mCDg, 

m = 1, . . . , M. CP,CD ppNNQC �� are the pilot and data 

code matrices, and ppNCg� is the zero padded sampled 

RRC pulse. Npp is chosen as the next power of two 
exceeding or equal to the number of pulse samples Np, for 
the FFT based pulse interpolation. Therefore, 

ppNCg� contains the Np samples of the RRC pulse 

padded two times with NZ = (NPP � NP)/2 zeros, i. e., g = 
[ T

Nz
0 , g (�(NP � 1)/2) , . . . , g ((NP � 1)/2), 
T
Nz

0 ]T ppNC� . 

The pulse interpolation technique enables the following 
pulse shifting [6] 
 
(3)                )(}}diag{FFT{g)(g 1 ��� �� F  
 
The columns of CP ppNNQC �� and CD ppNNQC �� are 
circularly shifted versions of NQ)Q(

1p ec C�
 and 
NQ)Q(

1D ec C�
 . The matrix pppp NN1 �� �CF is the 
permuted inverse Fourier matrix )( 1�F k,� = exp (j 
(2�/NPP) (k � NPP/2)(� � NPP/2)), k, � = 1, . . . , NPP. 
�(�) ppNC� is a Vandermond vector, i. e., (�(�))k = exp 
(�j(2�Q/NPP)(k � NPP/2)�), k = 1, . . . , NPP. Having 
determined the pulse interpolation in (3), we can now 
formulate the interpolation representation of the spreading 
signal using the pilot and data code matrices 
CP,CD ppNNQC �� as s(�) = [ T

1s (�), . . . , 
T
Ms (�)]T MNQC� , where sm(�) = dP,mCPg(�) + 

dD,mCDg(�) = dP,m sP(�) + dD,m sD(�) for m = 1, . . . , M. 
The abbreviations CPg(�) = sP(�) and CDg(�) = sD(�) 
represent the interpolated pilot and data signal. 
At this point it is convenient to derive a second 
interpolation representation for the pilot and data code CP, 
CD NC� . The code interpolation bases on the same 
interpolation method as (3). Again, the two distinct 
parameters are fN as band limiting frequency fS as 
sampling frequency of the RRC pulse. A Dirac delta 
function �(t) which is transformed into the frequency 
domain, bandlimited to fN, and transformed back into time 
domain yields the sinc function sinc(t) = sin(2� fN t)/(�t). 
We proceed now in the same way as before with the 
interpolation of the RRC pulse: � ppNC� contains the NP 

samples of the sinc function padded two times with NZ = 
(NPP � NP)/2 zeros to reach NPP; � = [ T

Nz
0 ,� (�(NP � 

1)/2) , . . . , � ((NP � 1)/2), T
Nz

0 ]T ppNC� . The 

corresponding interpolation representation to (3) is then 
 

(4)               )(}}diag{FFT{)( 1 ��	�	 �� F  
 
We have as interpolated pilot code cP(�) = CP � (�) and 
cD(�) = CD � (�) as interpolated data code. 
 

4. TRANSMISSION MODEL 
After transmission over the channel, the received signal 
(Rx) vector becomes 
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(5)           �
�

�
�
�
L
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MNQ
ll n)(Sn)(sa:y C��  

 
where n(t) describes the zero-mean additive white 
Gaussian noise (AWGN) of the power �2 = E[n(t)2], and 
S(�) = [s(�1), . . . , s(�L)] LMNQC �� and a = [a1, . . . , 
aL]T LC� form the signal matrix and amplitude vector.  
M successive observation vectors NQ

m Cy � (m =1, . . . 
, M) form the whole observation vector ym = [ T

1y (�), . . . 
, T

My (�)]T MNQC� , therefore the m-observation vector in 
(5) is:  
 
Similar, we can write the noise vector as n = [ T

1n , . . . , 
T
Mn ]T MNQC� , nm = [n ((m � 1)NQ/fS) , . . . , n 

((mNQ � 1)/ fS)]T
 NQC� , m = 1, . . . , M. 

 

5. ML CHANNEL ESTIMATION IN REDUCED 
DIMENSION

For MNQ
m Cy � , the ML estimate L}ˆ,â{ C�� is found 

according to 2

},a{
a)(Syminarg}ˆ,â{ ��

�
�� . The 

EM/SAGE algorithms can be used to find the ML estimate. 
However this might be a complex operation, specially with 
a large number of samples and fast computation 
requirement in navigation systems. To decrease 
computational complexity, we propose to use the following 
two stage complexity  reduction before computing the ML 
estimates. 
 

5.1. Code/Signal Matched Correlators and 
Principal Component Analysis 

As a first step, the pilot symbols in the sampled Rx vector 
y  are demodulated and filtered codeword by codeword by 

an orthonormalized correlatorbank of NCC pilot code 
matched correlators (CMCs) CCNNQ

cc CQ �� . 

This matrix is obtained from a QR decomposition of CCC = 
[cP(�G,1), . . . , cP(�G, NCC)] = QCCRCC  yielding the output 
of the correlatorbank as 
 
 
(6)  
 
 
 

 

where we have exploited the orthogonality between the 
pilot CMC matrix CCNNQ

cc CQ �� and the data code 

matrix CD CCNNQC �� . �G = [�G,1, . . . , �G,Ncc]  defines the 
NCC node values for the CMCs. In the following further 
complexity reduction using principal components (PCs), 
the introduction of the filtered pilot signals 

CCN
p

H
CCcc,p C)(sQs �� � is helpful. We calculate the 

autocorrelation � � NQNQH
pps C)(s)(sER

p

��� �� and 

� � CCCC

PCC,p

NN
CCs

H
CC

H
cc,pcc,ps CQRQ)(s)(sER ���� ��

exploiting a-priori information of the channel taps. Here we 
choose a robust a-priori assumption that is a robust 
distribution in [-2TC, 2TC] [6, 7] 

(7)    � � ����� d
T4
1)(s)(s)(s)(sER

C

T2

T2

H
pp

H
pps

C

C

p �
�

��  

For the second stage of complexity reduction, it is 
necessary to calculate the eigenvalue decomposition 
(EVD) of HQQR �

ps � . Q  = [q1, . . . , qNcc] 
CCCC NNC �� contains in its columns the respective 

eigenvectors and � = diag {[�1, . . . , �Ncc]} 
CCCC NNC �� is the diagonal matrix containing the 

eigenvalues in descending order, i.e. �1 > . . . > � Ncc > 0. 
For a given number NPC 	 NCC of PCs, the autocorrelation 

matrix is approximated by .qqR
PC

CC,

N

1k

H
kkk�

�

� �
ps

As a 

result we have 
 

(8)   PCN
CC

H
PCPC CyQ:y ��  

where PCQ  = [q1, . . . , qNpc] PCCC NNC �� is the PC 
eigenspace matrix. At this place it is also convenient to 
define the two fold filtered pilot signal 

PCN
p

H
CC

H
PCpc,p C)(sQQ)(s �� �� which we will need in 

the following subsections. We can now determine the ML 
estimate of PCy  and PCN

PC,P Ca)(s �� ( )(s PC,P � = 

[sP,PC(�1), . . . , sP,PC(�L)] LNPCC �� ) instead of 
MNQCy� and S(�)a MNQC� to reduce complexity. 

This approach was implemented based on the code 
matched correlator (CMC) using code samples [+1,-1] of 
CCC = [cP(�G,1), . . . , cP(�G, NCC)], cP(�) = CP � (�). If 
we apply the same approach using bandlimited RRC 
pulse signals ppNCg�  we get what we call a signal 
matched correlator (SMC). 

5.2. Expectation Maximization Algorithm 
Alg. 1 sums up the different steps belonging to the EM 
algorithm. All pairs of channel parameters {��, a�}, � = 
1, . . . , L are estimated in parallel beginning with some 
initial estimates )0(�̂ = [ )0(

1̂� , . . . , )0(
L�̂ ]  LC� and  

)0(â = [ )0(
1â , . . . , )0(

Lâ ]  LC� for the channel taps 
and amplitudes.  
We observe the typical structure with the expectation (E) 
step (line 5) followed by the maximization (M) step (lines 8 
to 9). The iterative parallel estimation of {��, a�}, � = 1, . . 
. , L is repeated until a required estimation accuracy is 
achieved or the maximum number of iterations Nitermax is 
exceeded. 
 
 
 
 

��

� ��

��

� ��

�
�


��

M

1m

N
m

H
CCm,P

L

1l
lP

H
CC

M

1m

L

1l
mlm

H
CCm,P

M
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m
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)n)(s(QdyQd:y

�

�

� �
� NQ
mmlm Cnsay

Deutscher Luft- und Raumfahrtkongress 2008
DocumentID: 81340

High Resolution Channel Estimation Using the Expectation...
O. Qaise, S. Sand et al.



 
 

5.3. Space Alternating Generalized Expectation 
Maximization Algorithm 

Alg. 2 shows the successive steps belonging to the SAGE 
algorithm. Contrary to the EM algorithm, all pairs of 
channel parameters are estimated sequentially, and again, 
we can observe in line 5 the E step and in line 6 and 7 the 
M step. This iterative estimation is repeated at most 
Nitermax times or is stopped earlier if a required accuracy 
for channel estimation is already reached. 

 
 

6. SIMULATIONS 
The algorithm with its three forms: Waveform Based 
EM/SAGE (Normal algorithm with no complexity 
reduction), SMC Based EM/SAGE (signal preprocessed 
by SMCs bank), and CMC Based EM/SAGE (signals 
preprocessed by CMC bank) were applied to both GPS 
and Galileo signals scenarios. In all simulations, the 
multipath channel examined is a statistical channel with 
only two paths: a direct signal and an indirect signal. The 
signals are real, there is no Doppler shift, and the indirect 
signal is considered to be in-phase with the direct signal, 
because in this case the multipath has a clear effect on the 
signal due to constructive interference. The same also 
applies to the out-of-phase multipath, but the main focus 
will be on the in-phase multipaths, unless otherwise 
specified. The static scenario is more severe to navigation 

signals than the mobile one. The reason is that a specific 
multipath always exists, and there is high possibility that 
the receiver solution converges after sometime to this 
wrong path. Contrast to that, most multipaths in mobile 
channels change and fade frequently (diversity). The 
signal scenario for subsequent multipath performance 
analysis is defined in TAB 1. For this scenario, the 
conventional receiver employs a 16.368 MHz loop 
bandwidth. A gold PRN code signal of 1 MHz bandwidth is 
used. Note that the indirect path amplitude is half as much 
as that of the direct signal, expressed by the Signal-to-
Multipath Ratio (SMR). It is necessary to carry out an 
averaging over 200 code words (smoothing) to get rid of 
the high noise effect. This represents a gain of about 23 
dB, but has the drawback of the receiver being delayed 
(about 0.2 s) before processing the signals. 
 

 
TAB 1. GPS scenario parameters 
 
In order to assess the performance of the EM algorithm, 
the results will be compared to the conventional wide and 
narrow correlators used in satellite navigation receivers. 
The multipath error envelopes of the EM methods were 
obtained and compared to the narrow correlator 
performance as depicted in FIG 1. Each envelope 
represents the estimation bias averaged over 100 
experiments, except for the narrow correlator, where it is 
noise free simulation. The error envelope is composed of 
a positive (solid) and negative (dashed) half belonging to 
the in-phase and out-of-phase multipaths respectively. The 
dark cyan curve, which represents the narrow correlator 
performance. The conventional Waveform Based EM error 
envelope has a peak error of about 21 meters at a relative 
multipath delay of 0.25 Tc for the in-phase part, and 
similarly a peak error of 23.5 meters at a delay of 0.1 Tc 
for the out-of-phase part. This is about 10 meters 
improvement over the narrow correlator peak error. After a 
relative delay of 0.4 Tc, the estimation bias levels off and 
becomes limited around 3 meters. The green error 
envelope of the CMC Based EM shows much better 
performance, bringing the maximum pseudorange error 
down by about 3 meters less than its Waveform Based EM 
companion. For multipath delays longer than 0.4 Tc, the 
two methods behave almost the same. In the contrary to 
all that, the SMC Based EM envelope shows a higher 
pseudorange error than all the previous methods, 
including the narrow correlator. The positive part has 
approximately the same maximum error as the narrow 
correlator, but the negative curve shows drastic bias to a 
maximum error of 55 meters at a multi path delay of half a 
chip period. Also note that the error peak is offset to the 
right compared to the other methods error peaks.  
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FIG 1. Multipath error envelopes of the various EM 
estimations applied to GPS signals.         

                                                                   
This is due to the fact that the signal waveform involved in 
each method is different, being a rectangular chip 
sequence in the Waveform Based EM, a bell shaped 
correlation function for the SMC Based EM, and 
something in between for the CMC Based EM. The ability 
of the EM algorithm to distinguish between the two signals 
slowly vanishes towards shorter relative delays. Simulation 
results have shown that towards shorter relative delays of 
reflection, the EM algorithm more and more often 
converges to either two equal delay estimates ( 1̂� = 2�̂ ) or 
to the true Line-Of-Sight Signal (LOSS) delay estimate and 
a noisy estimate of the multipath delay, which mostly has a 
large difference to the true value. Thus, the performance 
of the EM slowly tends to the case where only the LOSS is 
present.  
The error envelope for the wide correlator was not shown 
in the comparison, because it has an error many orders of 
magnitude higher than that of the EM algorithm and 
narrow correlator. 
 

 
TAB 2. Galileo scenario parameters 
 
The next step is to apply the developed SAGE approaches 
to the Galileo navigation signals. The E1 BOC(1,1) signal 
was chosen to be tested with the algorithm, because of its 
simplicity and similarity to the GPS C/A signal. No 
navigation bits are considered to be modulated in the 
signal, thus only the pilot channel was examined. The 
secondary code in the pilot channel was omitted, so the 
signal is composed mainly of the primary code. 

The signal scenario for subsequent multipath performance 
analysis is defined in TAB 2. For this scenario, the 
conventional receiver employs a 100 MHz loop bandwidth. 
In order to comply with the smoothing gain implemented 
for the GPS signal, 50 codewords were smoothed instead 
of 200, because the Galileo codeword is four times longer 
than the GPS code (4092 chips versus 1023 chips). The 
BOC(1,1) modulation widens the frequency spectrum by 
about a double. For this reason, and also due to the 
limited optimization grid used in simulation (100 samples 
per chip) and to avoid aliasing, a lowpass filter with cutoff 
frequency 5 MHz was used to bandlimit the signal, and the 
sampling frequency was chosen to be 10 MHz. 
FIG 2 shows the positive multipath error envelopes of the 
SAGE applied to the Galileo signals. It is very interesting 
to note that the Waveform and CMC Based SAGE 
algorithms provide a delay estimation of zero error after 
0.15 Tc and 0.2 Tc multipath delays, respectively. 
Of course, there is small bias after this region, but it is out 
of the optimization grid and very small. We should also 
take into account the advantage of the high sampling 
frequency and wide bandwidth employed. Both the solid 
green and blue curves start with an initial bias of 6 meters, 
after it was 9 meters in the EM, and then decrease 
abruptly. Furthermore, the SMC Based EM maximum error 
is reduced, from about 17.5 meters to about 13.5 meters. 
The corresponding solid red curve starts decreasing after 
its peak at 0.2 Tc, until a multipath delay of 0.55 Tc, where 
it reaches a zero estimation bias, and the pseudorange 
can be estimated accurately. All three approaches provide 
better performance than the EM approaches. 

FIG 2. Positive Multipath error envelopes of the various 
SAGE/EM estimations applied to Galileo 
signals.         

 

7. CONCLUSION 
In this work, the problem of estimating the propagation 
time-delay of the LOSS in a GNSS receiver under the 
presence of severe multipath, in a static channel, was 
addressed. Extensions were made to these algorithms, by 
investigating their performance when the input signals are 
of low complexity but still carry the same multipath 
information. This has lead to the four novel approaches: 
SMC Based EM, CMC Based EM, SMC Based SAGE, 
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and CMC Based SAGE. The correlator bank prefiltering 
before was necessary for two reasons: on the one hand for 
the separation of superimposed orthogonal spreading 
sequences in the receiver, and on the other, a direct PC 
filtering would require too much computational complexity. 
Simulation results have shown that the bias can be 
reduced using the modified EM approaches compared to 
wide and narrow correlator methods, e.g. for GPS scenario 
the maximum bais improved by about 13 metres in the 
CMC based EM compared to the narrow correlator. The 
SAGE algorithms showed faster and accurate 
performance than the corresponding EM methods in the 
considered Galileo scenario. Therefore, we have designed 
a variant of expectation maximization (EM) and space 
alternating generalized expectation maximization (SAGE) 
based ML CE suitable especially for mass market 
receivers where the signal processing complexity is very 
critical. 
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