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1 INTRODUCTION

Aeronautical control systems cover in general a wide
range of operating points and can therefore often not be
controlled with one single control law, even though for
certain cases this might be possible ([1], [2], [3]). An
adaption of the controller to the actual operating con-
ditions (e.g. flight attitude) has to be performed. This
adaption procedure is called gain scheduling. The clas-
sical gain scheduling approach consists of synthesiz-
ing a set of controllers according to different operating
points and performing an interpolation between these
points for which the controllers where calculated. It is
often necessary to calculate several hundreds or even
thousands of controllers to guarantee acceptable perfor-
mance in the whole flight domain. This procedure has
the following disadvantages:

• memory requirements may be costly,

• interpolation can become difficult with increasing
number of parameters,

• stability analysis at the nodes can cause problems.

In this paper, a gain scheduling technique is presented
and applied, which does not involve the described inter-
polation procedure, and thus does not incorporate the
mentioned disadvantages. The principal of the two dif-
ferent approaches are shown schematically in figure 1.
The method is applied to two descriptive examples of
aeronautical control problems:

• the longitudinal short period motion (SPO) of a
military fighter aircraft,

• the formation flight of two satellites on an elliptic
orbit.

The method is based on a certain representation
of the systems equations called Linear Fractional
Transformation (LFT). This representation is required
for many applications in modern control theory - both,
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synthesis and analysis - , mainly µ-analysis. The pre-
sented work uses this representation and demonstrates
the feasibility and advantages of LFT scheduled gains.

2 THEORY

In this section a brief introduction of the theory on LFTs
and the used modal control technique is given.

2.1 LFT representation of variable sys-
tems

A linear fractional transformation is a function of a
(possibly complex) variable δ of the form:

f(δ) =
a + b · δ
c + d · δ(1)

E.g. the transfer matrix of a linearized system

ẋ = Ax + Bu(2)

y = Cx + Du

connecting the output y with the input u reads:

(3) G (s) = C [sI − A]−1
B + D

is in a linear fractional form, where the variable is s.
Considering the transfer matrix of a linearized system
depending on a set of parameters δi summarized by a
matrix ∆

(4) G (s, ∆) = C (∆) [sI − A (∆)]−1 B (∆) + D (∆)

a linear fractional form of this matrix reads:

Fu (M, ∆) = M21∆ [I − M11∆]−1 M12 + M22

with

G (∆, s) = Fu (M, ∆)

where the matrix ∆ contains the parametric variations
δi as well as the Laplace variable s (frequency).

Depending on the purpose of the LFT representation
of the system (stability analysis, synthesis purposes . . . )
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Figure 1: Possible controller structures: classical interpolated controller and LFT scheduled gain.
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Figure 2: Linear fractional (M − ∆) form

the matrix ∆ can be built up by different sets of param-
eters δi. It is important to note that the matrix ∆ can
contain those parameters, that determine the actual op-
erating point. By using these scheduling parameters it
is possible to obtain an LFT representation of the sys-
tem which covers the whole domain of dependence, pa-
rameterized by ∆. Any controller design technique that
involves only operations that can be applied to LFTs
and that return LFTs is a potential method for LFT gain
scheduling. In this case the controller K can be ob-
tained in a linear fractional form parameterized by ∆ in
the same way as the corresponding system:

K (∆) = K21∆ [I − K11∆]−1
K12 + K22(5)

One control technique that fulfills these requirements is
the modal control technique. Furthermore, this tech-
nique is widely used in aeronautical applications be-
cause of the possibility to determine the dynamic prop-
erties of the closed loop system in terms of pole place-
ment and decoupling constraints. For the presented
framework of LFT modeling and gain scheduling us-
ing LFTs a toolbox under MATLAB/SIMULINK has
been developed at ONERA in the Flight Dynamics ans
System Control Department (DCSD), see [10].

2.2 Modal control theory and gain
scheduling using linear fractional
transformations

In the following the well-known design procedure
(well-known in the matrix case) of the modal control
technique is shortly recalled. It can be directly applied
to LFT models as it only requires matrix operations
that are defined for LFTs and whose operations result
in LFTs. Details about the theoretical background can
be found in [10].

Design procedure for eigenstructure assignment.
Eigenstructure assignment by output feedback for (1)
can be performed as follows :

1. Choose p desired closed-loop eigenvalues λi and
the corresponding matrices ei ∈ R

nu , ei �= 0,
Ei ∈ R

nu×nx and Fi ∈ R
nu×nu .

444



2. Compute (vi, wi), i = 1, . . . , ny satisfying:

(6)

[
vi

wi

]
=

[
A − λi I B

Ei Fi

]−1 [
0
ei

]

3. Using the following notation for Eigenvectors,
Eigenvalues . . .

V = [v1 . . . vny
]

W = [w1 . . . wny
]

and

Λ = diag[λ1 . . . λny
]

Compute K satisfying:

(7) K = W (C V + D W )−1

Usually, ei, Ei and Fi are chosen in order to satisfy
some decoupling properties.

In the above design procedure, all matrices or scalars
can be replaced by LFTs (A −→ A(∆), B −→
B(∆), . . . , λi −→ λi(∆), V −→ V (∆), . . .). There-
fore, the feedback gain can be written as K(∆) corre-
sponding to the form given by equation (5).
The introduced procedure will be used for the controller
synthesis and implementation in LFT form of the two
treated examples.

3 APPLICATION 1: CON-
TROLLER FOR THE SPO
OF A GENERIC MILITARY
AIRCRAFT

The first example treats the design of a controller in LFT
form for the longitudinal inner loop (short period os-
cillation, SPO). These type of controllers are designed
to ameliorate handling qualities and reduce pilot work
load.

3.1 Longitudinal aircraft modeling

In this chapter a description of the aircraft model is
given (see also [4]). The aerodynamic model and the
flight mechanical model are introduced. For the aero-
dynamic model representative data of a military fighter
aircraft during subsonic flight is used. For the flight
mechanical model the general rigid body equations of
motion are considered, whereas the flexibility of the
aircraft structure is only taken into account in the de-
pendency of some aerodynamic parameters on the dy-
namic pressure (change of effectiveness of the control
surfaces). Similar model derivation can be found in [7].

3.1.1 The aerodynamic model of the aircraft

The aerodynamic model is based on data taken from a
military fighter aircraft and includes compressibility ef-
fects in terms of the dependency of the aerodynamic co-
efficients on the Mach number. Furthermore, their de-
pendency on the flight attitude (angle of incidence α,
side-slip angle β,. . . ) and the aerodynamic inputs, i.e.
the deflection of the flight control surfaces is consid-
ered.

Force and moment coefficients A brief presentation
of the aerodynamic force and moment coefficients is
given. As well established, these coefficients are de-
fined in such a manner, that the resulting aerodynamic
forces and moments acting in the directions of the body-
fixed coordinate system can be calculated by multiply-
ing the dynamic pressure qdyn with the reference area
S and the corresponding force or moment coefficient
Cx,y,z (and the reference length l for the calculation of
moments respectively) by

Fx,y,z = qdynSCx,y,z

L,M,N = qdynSCL,M,N l

For example the aerodynamic force Fx in the x-
direction reads:

Fx = qdynSCx

and for the aerodynamic moment around the x-axis, re-
spectively:

L = qdynSCLl

Force coefficients The aerodynamic coefficients are
split up into terms of aerodynamic derivatives cx...α...,
whose dependencies on the Mach number are given
in tabulated form as discrete data in an aerodynamic
database (apart from Cx, which is directly given tab-
ulated as a set of values depending on Ma and α). For
the three force coefficients Cx, Cy and Cz the following
dependencies are considered:

Cx = Cx(α, Ma)
Cy = Cy(β, Ma, qdyn, δn)
Cz = Cz(α, Ma, δm)

For an isolated examination of the longitudinal motion
only Cx and Cz have to be considered. The force
coefficient Cz is split up as follows:

Cz = czα · α + czδm · δm
In this equation czα depends on the Mach number, and
is given as a 1-d table. The principle of the calculation
of the other aerodynamic coefficients is the same. The
appearing discrete data have to be interpolated in order
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to obtain closed form expressions. This was realized
by polynomial interpolation. For czα this interpolation
formula reads:

czα = cczα1 + cczα2Ma + cczα3Ma2 + cczα4Ma3

Other coefficients had to be interpolated with signifi-
cantly higher order to guarantee small errors.

Moment coefficients For the three moment coeffi-
cients CL, CM and CN the following form is consid-
ered:

CL = CL(α, β, Ma, qdyn, p, r, V, δl, δn, )
CM = CM (α, Ma, qdyn, q, V, δm)(8)

CN = CN (β, Ma, qdyn, p, r, V, δl, δn)

They are split up into terms of aerodynamic derivatives
in the same way as the force coefficients.

3.1.2 The considered equations of motion

As well established, the four degrees of freedom equa-
tions of motion for the longitudinal movement are writ-
ten in terms of the angle of attack and pitch-rate (α, q)
for the short period oscillation (SPO) and in terms of
the velocity and altitude (V , H) for the phygoid. In this
paper only the SPO will be studied. The simplified two
degrees of freedom equations of motion for this part of
the longitudinal motion read:

α̇ =
1
V

(
g cos γ cos Φ +

1
m

[
1
2
ρSV 2

· (Cx sin α − Cz cos α) − F sin α]) + q(9)

q̇ =
1

2B
ρSV 2l [CM + (xcg − xcg,nom) Cz]

where B is the inertia moment around the y-axis, F
the engine force, g the gravitational acceleration, l the
reference length, m the mass, S the reference area,
xcg, xcg,nom the actual and nominal center of gravity
position, respectively and ρ the air density.
The linearization of the SPO equations yields in a sys-
tem of the form shown in equation (1).

3.2 Controller synthesis

The controller synthesis is performed according to
given requirements detailed in [6], [5]. These require-
ments are expressed in minimum damping and fre-
quency properties of the closed loop system (α, q) as a
function of the flight phase (velocity). In order to simu-
late maneuvers consisting of a given profile of α, a con-
troller structure shown in figure 3 was chosen. Using
this structure one additional pole can be placed, since
the introduction of the integrator augments the number
of states by one. Since the SPO equations are modeled

as a single input system, the Eigenstructure assignment
detailed in 2.2 reduces to a pole placement. The poles
were placed as a function of the velocity (Mach num-
ber) at:

λi =




(−1 + j) · (3 + 3Ma), i = 1
(−1 − j) · (3 + 3Ma), i = 2
−(1.75 + 1.75Ma), i = 3

(10)

j =
√−1

Increasing velocity leads to linearly increasing fre-
quency of the closed loop system, whereas the damping
stays constant.

The scheduling variables, with respect to which the
controller is adapted, are the Mach number Ma, the
altitude h and the angle of attack α. Without enter-
ing into details it must be mentioned that the matrix ∆
of the implemented controller does not consist of the
scheduling variables Ma,α, h but of artificial summa-
rized variables. This was done in order to minimize the
complexity of the involved LFT. Details about the per-
formed LFT modeling can be found in [8].

3.3 Implementation and simulation re-
sults

The introduced aircraft model with the correspond-
ing LFT controller was implemented under MAT-
LAB/SIMULINK in a non-linear flight simulator. The
adaption of the controller to the actual flight attitude can
be performed in two different ways. The first way con-
sists of calculating the transfer function matrix K(∆)
according to equation (5). This calculation requires the
inversion of a matrix, which can be disadvantageous
with regard to required calculation times. The sec-
ond way of adapting the controller consists of solving
the corresponding linear system of the term containing
the matrix inversion. The solution of the linear system
can be done iteratively with several algorithms. In the
treated example, an implementation with the Richard-
son method was chosen. The Richardson method uses
a fixed point algorithm to solve a linear system of equa-
tions (see [9] for details). The simulation results of an
extreme maneuver covering the whole flight domain in
α are shown in figure 4. The number of iterations re-
quired for convergence stays below 10.

4 APPLICATION 2: SATELLITE
FORMATION FLIGHT

In the following, the second treated example for the
controller design in LFT form is presented. First, in
section 4.1 the general mission scenario is introduced.
Secondly, in section 4.2 the equations of the relative dy-
namics of the system are presented.

446



���������	���
����


��������

����	���

��
�
�	�

�
�	�

�
����

� � ��� �� � � �	�

�������	�����
		�
�	���

	��
�
	�	 �


 �	��� �

!��
�������

��	�
����	�����


�	�	� 

� � �	��

!��
�������

��	���������
	�
�
	

	!��
�������	��		

����
�"	�
�"	�
�	

� ����

�

���� ����

� �
�

� �

�
�

�

#����
		���$%�
&	�
�

�'

�'

(

)

 �

�  �

 �

� �

� �

� �

� �

	 


�

� �

�

	!��
�������	��

��*��	���
�
+

� � ��� �� � � �	�

�

�,


	�


	�	�	
�����$�$

�

-	

�	�	� �

�

Figure 3: Chosen controller structure with integrator

4.1 Mission Scenario

Formation flying environments range from low earth or-
bits (LEO, e.g. Techsat 21) to libration point orbits
(e.g. Darwin) or heliocentric earth-trailing orbits (e.g.
LISA, Laser Interferometer Space Antenna), thus yield-
ing a large spectrum of different perturbations like earth
oblateness, solar radiation pressure and atmospheric
drag. Elliptic and highly elliptic earth orbits are can-
didates in several formation flying missions. The mis-
sion scenario considered in this paper is a geostation-
ary transfer orbit of two satellites (GTO) as a prototype
of earth-centered highly elliptic orbits. In fact, GTOs
are suitable orbits for a number of formation flying mis-
sions, e.g. MAX. Table 1 indicates the approximate or-
bital elements a (semi-major axis) and e (eccentricity)
of a GTO. As part of the mission, the two satellites are
assumed to perform certain maneuvers like changing
distance and relative attitude. Formation flying satel-

Table 1: GTO orbital elements

Orbital element Symbol Value Unit

semi-major axis a 24200 km
eccentricity e 0.72 −

lites in GTO travel through a variety of different grav-
itational environments. For instance, the relative posi-
tion dynamics at the perigee are close to the dynamics
of a formation in LEO, whereas the apogee dynamics
are somewhat similar to the quiet gravitational environ-
ment (almost double integrator behavior) encountered
in the vicinity of a libration point. This change of grav-
itational environment strongly influences the formation

dynamics. Details can be found in [11]. This diversity
represents a challenge for control design and allows at
the same time to demonstrate the applicability of the
proposed control design technique to formation flying
mission scenarios.

4.2 Formation flying modeling

In formation flying GNC (guidance, navigation, and
control) design, the main concern lies in the relative
motion between two satellites. In order to derive the
equations of the relative dynamics, it is useful to intro-
duce a so-called local vertical-local horizontal (LVLH)
coordinate system (cf. Fig. 5).

Here, the vector �r, expressed in the ECI (earth-
centered inertial) coordinate system x−y−z, describes
the position of a reference point supposed to follow a
Keplerian orbit. By introducing the true anomaly ν, the
semi-major axis a, the eccentricity e, and the earth grav-
itational parameter µ⊕, the identities (11a) to (11d) are
obtained. A detailed derivation of the equations of mo-
tion can be found in [11].

n =
√

µ⊕
a3

(11a)

r =
a(1 − e2)
1 + e cos ν

(11b)

ν̇ =
n(1 + e cos ν)2

(1 − e2)3/2
(11c)

ν̈ = −2n2e sin ν(1 + e cos ν)3

(1 − e2)3
(11d)

The instantaneous position �r of this reference point
defines the origin of the rotating LVLH coordinate sys-
tem (r − c − o) in which the inter-satellite distance
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�ρ is expressed. Here, r, c and o are the radial, in-
track and cross-track distances, respectively. The term
“in-plane” motion is used in order to refer to r and
c together. o will be called “out-of-plane” motion.
This non-inertial frame introduces additional accelera-
tion terms, e.g. Coriolis acceleration. The dynamics
can be linearized if the inter-satellite distances are small
compared to the semi-major axis. Using the introduced
notations, the equations of the relative motion of the two
satellites can be derived. Details about the made sim-
plifications and assumptions can be found in [11]. Here
just the used equations, that are known as the Lawden
equations, are stated. The Lawden equations describe
the relative motion between two satellites while the ref-
erence point is moving on an elliptic Keplerian orbit:




r̈
c̈
ö


 =




fr

fc

fo


 − (1 + e cos ν)2

(1 − e2)3/2
n

·






0 −2 0
2 0 0
0 0 0







ṙ
ċ
ȯ


 +

(1 + e cos ν)

(1 − e2)3/2
n(12)

·



−(3 + e cos ν) 2e sin ν 0
−2e sin ν −e cos ν 0

0 0 1







r
c
o







As this system of differential equations features the
time-varying parameter ν, it belongs to the class of LPV
(linear parameter-varying) systems.

4.3 Controller synthesis

The introduced equations of the relative motion of the
satellite formation are parameterized by the time vary-
ing parameter ν, the true anomaly. The dynamical prop-
erties of the system depend strongly on this parameter.
Furthermore, it can be seen that the out-of-plane motion
is decoupled from the in-plane motion. In the following

only the out-of-plane motion will be considered. In the
implemented model, the controller is scheduled with re-
spect to the true anomaly ν.
The dynamical properties of the closed loop system are
taken to be constant, the chosen poles read:

λi =
{

(−8 + 6j) · 10−4, i = 1
(−8 − 6j) · 10−4, i = 2(13)

j =
√−1

This pole placement is equivalent to a damping ratio of
0.8 and a frequency of 10−3. The size and the structure
of the implemented controller in LFT form for of the
out-of-plane motion is shown in table 2.

Table 2: Size of the implemented controller in LFT
form

LFT States Size of Uncertainty Matrix

System 2 6 × 6
Controller 0 (static gain) 12 × 12

4.4 Implementation and simulation re-
sults

The controller in LFT form was implemented into a
simulator under MATLAB/SIMULINK to verify the
proper performance. The maneuver that was realized
consist of an approach of the two satellites to a final
distance of 10 m from an initial distance of 100 m (ini-
tial condition). The simulation results are shown in fig-
ure 6. The commanded input consists of a step and is
marked in red, whereas the time response of the system
is marked in blue.

In figure 7 the results of the same simulations
are shown, this time expressed in terms of the error
xcommanded − xactual. Furthermore, the results of the
same commanded maneuver obtained with controllers
synthesized with H∞ are plotted in figure 7. The re-
sults obtained with the H∞ controllers where obtained
by interpolating the gains between the nodes, see also
[11]. The number of interpolation nodes was varied be-
tween 1 and 100. The results are plotted for these two
values. While the LFT gain obtained with the modal
control technique is static, the controllers obtained with
the H∞ are dynamic. Furthermore, the feedback con-
nection of the system in LFT form with the correspond-
ing controller yields in an LTI system with respect to
the input-output behaviour, whereas the controller and
system seperately are each LPV systems. Using the ap-
propiate pregain, the static bahaviour is constant with
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an error that tends to zero. In contrast to that, the con-
nection of the LPV system with a set of interpolated
gains (no matter with which method they are synthe-
sised) does not yield into an LTI system. By this, the
oscillations seen in the curves in figure 7 obtained with
interpolated H∞ controllers can be explained.
The two methods basically differ in the way how an
adaption of the controller to the actual operating point
is obtained. The clasical technique requires an interpo-
lation of the different calculated gains, whereas the LFT
scheduled gains are adapted via the calculation of either
the transfer matrix involving a matrix inversion or via
the solution of a linear system (iteratively via a fixed
point algorithm).
In the treated example, the controllers obtained with the
H∞ technique could also take into acount modal spefi-
cations of the closed loop system by weighting the "er-
ror" between the outputs of the system and the outputs
of a defined benchmark system.
It can be seen that the LFT gain performs best with re-
spect to the errors encountered within one orbit. How-
ever, it is not proven that the LFT controller also per-
forms optimal with respect to other requirements, like
e.g. fuel consumption.

5 CONCLUSION AND
OUTLOOK

In this paper a design method for controller was intro-
duced, that allows for covering the whole domain of de-
pendence of control systems with one single controller
without performing any interpolation. The method was
applied to two realistic and complex examples of aero-
nautical and space system control. In the first example
of the military fighter aircraft, the proper performance
of the controller was shown in non-linear simulations
covering the whole domain of dependence.
In the second example of a satellite formation flight con-
trol problem, the performance of the implemented con-
troller in LFT form was compared to results obtained
with the classical interpolation approach. It was shown
that one single controller in LFT form performs better
than a set of 100 interpolated controllers.
The advantages of the method were detailed and illus-
trated by extensive simulations covering the whole op-
erating domains.
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Figure 6: Time response on a predefined maneuver
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Figure 7: Comparison of results obtained with interpolated H∞ controllers and with LFT scheduled gain
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