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ABSTRACT

The potential of the SAGE (Space-Alternating General-
ized Expectation Maximisation) algorithm for navigation
systems in order to distinguish the line-of-sight signal
(LOSS) is to be considered. The SAGE algorithm is a
low-complexity generalization of the EM (Expectation-
Maximisation) algorithm, which iteratively approximates
the maximum likelihood estimator (MLE) and has been
successfully applied for parameter estimation (relative
delay, incident azimuth, incident elevation, Doppler fre-
quency, and complex amplitude of impinging waves) in
mobile radio environments. This study discusses
receivers using a single antenna or an antenna array.
Whereas we estimate the complex amplitudes and rela-
tive delays of the impinging waves, in the latter addition-
ally the spatial signature of the impinging waves (inci-
dent azimuth and elevation) is estimated. The results of
the performed computer simulations and discussion in-
dicate that the SAGE algorithm has the potential to be
a very powerful high- resolution method to successfully
estimate parameters of impinging waves for navigation
systems. SAGE has proven to be a promising method
to combat multipath for aircraft navigation applications
due to its good performance, fast convergence, and low
complexity.

1. INTRODUCTION

Nowadays, both the increasing sizes and velocities of air-
crafts and the increase of air traffic lead to stricter re-
quirements for any aircraft navigation aid, such as DME
(Distance Measuring Equipment) or ILS (Instrument Land-
ing System), with regards to safety and traffic flow (see
[1] for details on aircraft navigation systems). The com-
plexity of the infrastructure and its costs would rise sig-
nificantly in order to still meet the requirements for avia-
tion navigation concerning accuracy, integrity, availabil-

ity, and continuity and therefore guarantee safety and ef-
ficiency of air traffic. Thus, Global Navigation Satel-
lite Systems (GNSS) as GPS or the upcoming European
Galileo will play a very important roll in future aviation
navigation; not only in critical situations like approach
and landing where very precise positioning is required,
but also in the airport ground control of taxiways, hold-
ing areas, and transition areas, which can affect the effi-
ciency of the airport operation.

The quality of the data provided by a GNSS-receiver de-
pends largely on the synchronization error with the sig-
nal transmitted by the GNSS satellite (navigation signal),
that is, on the accuracy in the propagation delay esti-
mation of the direct signal (line-of-sight signal, LOSS).
The synchronization of a navigation signal is usually per-
formed by a Delay Lock Loop (DLL), which basically
implements an approximation of the maximum likelihood
estimator (MLE). The problem which arises is that the or-
der of this estimator (the DLL) is chosen according to the
assumption that only the LOSS is present. This means
that this estimator tries to estimate the relative propaga-
tion delay of only one signal replica. In case the LOSS is
corrupted by several superimposed delayed replicas this
estimator becomes biased, because of the change of the
order of the incident estimation problem. Thus, in order
to perform synchronization in the presence of multipath
corrupted signals we follow the approach of obtaining the
MLE for estimation problems of higher order. Therefore,
signal parameters of a number of superimposed delayed
replicas have to be estimated jointly. As this leads to a
multi-dimensional non-linear optimization problem the
reduction of the complexity of this problem is the most
important issue to be solved in order to perform precise
positioning in a navigation receiver.

Several techniques have been proposed in the literature
to solve the multipath problem in GNSS-receivers, (see
for instance [2] and [3]). Lately, interesting approaches



like [4] and [5] have appeared. The first applies the max-
imum likelihood principle to the delay estimation in the
presence of multipath and unintentional interference in
an antenna array receiver, and the latter develops efficient
multipath mitigation techniques (with low-complexity)
in single antenna and array antenna navigation receivers.
In both works, a connection is made between the mul-
tipath estimation problem in navigation systems and the
same problem in communication systems; further work
of the same authors has appeared more recently in [6]
and [7], respectively. In this paper, in order to cope with
the synchronization problem induced by multipath sig-
nals in GNSS-receivers, we explore the potential appli-
cation of another technique for aircraft critical situations
already used in communication systems: the SAGE algo-
rithm (Space Alternating Generalized Expectation- Max-
imization algorithm). The SAGE algorithm [8] is based
on the Expectation Maximization (EM) algorithm [9],
[10], which facilitates optimizing maximum likelihood
cost functions that arise in statistical estimation prob-
lems, but with improvements regarding the trade-off be-
tween convergence rate and complexity. The potential of
the SAGE algorithm in communication systems has been
proven in [11] where it is shown that SAGE is a promis-
ing candidate for channel estimation in direct-sequence
code division multiple access systems (DS-CDMA). The
intention of this paper is to serve as a preliminary study
on the application of SAGE for aircraft navigation. The
performance of the algorithm is assessed by computer
simulations using a simple channel model with very hard
multipath conditions.
This paper is organized as follows. The signal model is
outlined in section 2. A short introduction to maximum
likelihood estimation of superimposed signals is given in
section 3. The SAGE algorithm is described in section 4,
and the initialization method for SAGE in section 5. In
section 6 we show the results of our simulations. Finally,
in section 7 we discuss our conclusions.

2. DATA MODEL

We assume that� narrowband planar wavefronts of wave-
length �, complex amplitude ��, delay ��, incident az-
imuth ��, and incident elevation ��, � � � � � are
impinging on an array of � , � � 	 � � isotropic
sensor elements. The transmission medium is consid-
ered linear such that the noise corrupted baseband sig-
nal at the antenna output ��
� � � ��� can be mod-
elled as a superposition of � wavefronts generated by
� point sources and additional complex white Gaussian
noise ��
� � ���� , � ��� ����. The � point sources are
located far from the array such that the direction of prop-
agation is nearly equal at each sensor and the wavefronts
are approximately planar (far-field approximation). Thus,
the propagation field within the array aperture consists of

plane waves and we can write
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where ���
� is given by
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Here, �� ����
�� ���
�� denotes the steering vector of an
uniform rectangular array (URA) of� � ����� omni-
directional sensors with �� elements being displaced by
�� along the �-axis and �� elements displaced by ��

along the �-axis as depicted in Fig. 1. Assuming �� �
�� � �

� (� is the wavelength corresponding to the carrier
frequency), i. e.
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Fig. 1 gives the definitions of azimuth and elevation for
this URA.
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Fig. 1. Definitions of Azimuth �����Æ � �� � ���Æ�
and Elevation ��Æ � �� � ��Æ�.

In Eq. (2) 
�
 � ��� denotes the pseudo-random-noise
(PN) sequence with delay ��. In this work we apply
Gold codes [12] as used for the GPS C/A code with code
period � � � ��, 1023 chips per code period each
with a time duration ��, and raised cosine (RC) pulse
shape with single-sided bandwidth � � �� � �� � �

�
�
�

����� ���. The roll-off factor is � � ����. We use the
RC pulse shape due to the reason that the calculation of
the Cramer Rao bound (CRB) is more manageable (cf.
section 6). Without loss of generality, all conclusions
drawn from the simulations in this work are also valid
for other pulse types.
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Fig. 2. Receive Filtering

For a strictly band-limited signal corrupted by additive
white Gaussian noise, a sufficient statistic can be ob-
tained by pre-filtering �	�
� with an ideal analog low-
pass filter and subsequent sampling at Nyquist rate �


�
�

� � [13]. Here, �	�
� denotes the signal received by
antenna 	 of the URA. This is a solution of no practi-
cal interest since such a filter can not be realized (or even
closely approximated) with sufficient accuracy at reason-
able complexity. Thus, we apply the realization [13] and
[14], which is shown in Fig. 2 in order to get a suffi-
cient statistic �	��
 using a realizable analog filter ����
with bandwidth �� , while �� � � as the analog fil-
ter has not a sharp cutoff. After this pre-filtering with
���� the signal is sampled with a sampling frequency
of �� � �


�
� � � � � � �� . Here, � denotes the

oversampling ratio. The sampled signal then is filter by
a digital lowpass filter ����� with bandwidth �� � �

and by a digital filter
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which reverses the effect of ���� in the passband � of
the useful signal. Finally, downsampling by the ratio
� is performed. Thus, we get a sufficient statistic ���

where the spatial observations of the URA are collected
at � time instances, whereas ���
 � ��� � ��� with
� � �� �� � � � � � .

Generally, there is a trade-off between oversampling rate
and analog pre-filtering complexity. Oversampling re-
laxes the requirements on the analog pre-filter regarding
a sharp-cutoff, but in order to obtain a sufficient statis-
tic with uncorrelated noise samples downsampling to the
Nyquist rate has to be done afterwards. Thus, all sharp-
cutoff filtering is done by a discrete-time system, and
only nominal continuous-time filtering is required. Since
discrete-time FIR filters can have an exactly linear phase,
it is possible using this oversampling and reverse filter-
ing approach to implement antialiasing pre-filtering with
virtually no phase distortion. This is especially important
for this work where it is critical to preserve not only the
frequency spectrum, but also the waveshape of the signal
as well [14].

The channel parameters are assumed constant during the
observation interval � � �� since the coherence time of
the assumed channel is ���� � �� � � . Collecting the

snapshots of the observation interval leads to
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Thus, the signal model can be written in matrix notation
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3. MAXIMUM LIKELIHOOD ESTIMATION OF
SUPERIMPOSED SIGNALS

The problem at hand is to estimate �� � ���� ��� ��� ��

�,

� � �� �� � � � � �. The estimation of � is not taken care of
in this work. In the following we presume � is given.
As we assume spatially and temporally uncorrelated ele-
ments in �, the covariance of the noise is ��� � �. Thus,
the likelihood function for our signal model is given by
the conditional probability density function (pdf)
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Here, 	 � 		 denotes the Frobenius norm of a matrix.
The maximum likelihood estimator (MLE) is given by

�� � � !���
�


������� � (12)

Estimation of � is a computationally prohibitive task since
there is no analytical solution for the global maximum,
������ generally is not a concave function of �, and �
and � usually have high dimension. Since the values for
maximization of the complex amplitude �� can be given
in closed form as a function of the other parameters [11],
the computation of the MLE for � � � ���� ��� ��� ��


� is
a " � �-dimensional non-linear optimization procedure.

4. THE SAGE ALGORITHM

Whereas no closed form expression can be found for the
MLE, a numerical approach employs either a grid search
or an iterative maximization of the likelihood function.
In this work we try an iterative approach, the SAGE algo-
rithm. Instead of performing the above mentioned high
dimensional non-linear optimization procedure directly,
the SAGE algorithm gives a sequential approximation of
the MLE given in Eq. (12). The method can be con-
sidered as an extension of the well known Expectation-
Maximization (EM) algorithm. In the following we
sketch the fundamental ideas of the SAGE algorithm.



The basic concept of the SAGE algorithm is the hid-
den data space [8]. Instead of estimating the parame-
ters of all waves � in parallel in one iteration step as
done by the EM algorithm the SAGE algorithm estimates
the parameters of each wave �� sequentially. Also, in-
stead of estimating the complete ��, SAGE breaks down
the multi-dimensional optimization problem into several
smaller problems by conditioning sequentially on a sub-
space of parameters �� while keeping the parameters of
the complement subspace � 
� fixed. We choose the hid-
den data space as one noisy wave 	� � �� ��� where
�� is white Gaussian noise with variance �� ���. This
choice of the hidden data space leads to a fast conver-
gence rate and low complexity due to sequential updat-
ing and one-dimensional optimization procedures. The
stochastic mapping of the hidden data space to the ob-
servable signal is � � 	� �

��
����
�� ���

��� � ��� . We

choose the sequence of parameter vector ����� (� is
the parameter update index) as ����� � ���
������ �
���
����"� � ���
������ � ���
����#� � ���
������ �
���
� � � � . For fast convergence we set �� � � [11].
Thus, after estimating the hidden data space in the so-
called expectation step (E-step) with
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we get the so-called maximization step (M-step) with
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Here, 
���� denotes the sampled reference PN sequence
delayed by �� (generated in the receiver). The E-step
and the M-step are performed iteratively until the algo-
rithm converges. Eq. (14) is often called rake searcher,
as delay estimates ��� correspond to the maximum cross-
correlation values. Equivalently, the estimates of azimuth
��� of Eq. (15) and elevation ��� of Eq. (16) are given by
the maximum spatial correlation. Various choices of the
hidden data space could be made which would individ-
ually influence the convergence rate. Less informative
hidden data spaces yield faster convergence, but more
informative hidden data spaces yield an easier M-step
[8]. Although the sequence of log-likelihood values form
a monotonically non-decreasing sequence of parameter
estimates, convergence to even a local maximum is not

guaranteed. Therefore, the SAGE algorithm has to be
initialised in a region which is close enough to a local (at
best the global) maximum. Then the sequence of esti-
mates will converge in norm to it [8].

5. INITIALIZATION OF THE SAGE
ALGORITHM

Two methods are proposed in [11] of initialising the
SAGE algorithm for channel estimation in mobile ra-
dio environments. The first one is a technique which
commonly is referred to as successive interference can-
cellation. This method starts with the pre-initial setting
��� � ��� �� �� �
� for each � � �� �� � � � � �. It succes-
sively performs a maximum search of correlation pro-
cesses for the delay and jointly for azimuth and elevation:
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In order to perform the E-step, it subtracts signal esti-
mates of waves whose parameter estimates already have
been initialised from the observed data �. Since in Eq.
(18) �� and �� are unknown, �	� is summed incoherently
over all sensors to provide the initial delay estimate.

In the second method all initial estimates of the delays are
first computed with the MUSIC (MUltiple SIgnal Clas-
sification) algorithm [15]. The remaining parameter esti-
mates are calculated during an initialization cycle of the
SAGE algorithm. This method might fail for navigation
signals as they could be highly correlated, if multipaths
with short relative delays are present.

Since for navigation systems it is vital to have accurate
delay estimates to get a low pseudorange error, initializa-
tion of the SAGE algorithm is a profound task. In order to
ensure fast convergence and good estimation results, the
initialization of the SAGE algorithm in a GNSS-receiver
could be augmented by appropriate a priori knowledge
of the parameters of the impinging waves. For exam-
ple, we could take the estimates of the delays provided
through acquisition and additionally could use almanac
data to get initial estimates for the spatial signature of
the LOSS. Furthermore, a good initialization or a priori
knowledge of the parameters to be estimated will also re-
duce the search space of the parameters � and therefore
reduce complexity of the optimization procedures.

Since this work should preliminary assess the potential
of the SAGE algorithm for navigation systems, we use
a simple method. For the following simulations we se-
lected the first method explained in this section. We as-
sume that there is no knowledge of almanac data or of
acquisition estimates available for initialization.



6. SIMULATION RESULTS

We tested the SAGE algorithm for a static channel under
severe multipath conditions via Monte Carlo simulations.
Receivers using a single antenna (�=1) and an array an-
tenna (�=9) are simulated. We simulated an URA with
�� � ", �� � ", and �� � �� � �

� . We assume that
the channel parameters are constant during the observa-
tion interval.
Signal-to-noise ratio (SNR) denotes the LOSS-to- noise
ratio. We choose for all simulations SNR=-19 dB which
in our case is equal to �

��
� �� dB-Hz. We consider the

reflected multipath and the LOSS to be in-phase, which
corresponds to the worst possible case [3]. In this work
we only consider reflective multipath. The signal-to- mul-
tipath ratio (SMR) is 5 dB for all reflections (cf. [3] and
[6]). We coherently average correlation over 100 code
periods. Thus, the observation interval is 100 ms. A non-
coherent estimation is performed which means that no a
priori knowledge of the phases or the complex ampli-
tudes is available. We only used the mentioned simple
initialization method and no acquisition was done. In
order to describe the behavior and to assess the perfor-
mance of the SAGE algorithm we apply the root mean
square error (RMSE) and the Cramer Rao bound (CRB),
which is derived following [16] and [4]. In the follow-
ing CRB� denotes the CRB for the case where only the
LOSS present (� � �). Although the estimator shown is
biased we think the comparison to the CRB is still mean-
ingful. In the following parameters with the subscript 1
stand for the LOSS and parameters with the subscript 2
stand for the reflection.
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Fig. 3. RMSE of the time-delay of the LOSS / �� versus
the relative time-delay of the multipath / ��. Parameters:
� � �, � � �.
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Fig. 4. RMSE of the time-delay of the multipath / ��
versus its relative time-delay / ��. Parameters: � � �,
� � �.

Fig. 3 and Fig. 4 depict the results of the estimates ��� and
��� for the single antenna (� � �) case with � � �. We
assume an isotropic sensor element with �� � � and the
parameter vector reduces to �� � ���� ��


�. The estima-
tor is biased for relative delays shorter than ��$ ��� as the
ability of SAGE to distinguish the two waves is slowly
dwindling away towards shorter relative delays. Simula-
tion results have shown that SAGE more and more often
converges to either two equal delay estimates (��� � ���)
or to the true LOSS delay estimate and a noisy multi-
path delay, which mostly has a large difference to the true
value. Thus, the performance of SAGE slowly tends to
the case where only the LOSS is present which is given
by CRB�. The RMSE for ��� is approximately between 8
and 23 meters, as the length of one chip resembles 293
meters. In order to improve the estimation of the LOSS
one could apply additional filtering in time domain based
on the channel estimation performed by SAGE and after-
wards perform another estimation.

Fig. 5, Fig. 6, Fig. 7, and Fig. 8 depict the results of the
estimates ���, ���, ���, ���, ���, and ��� for using an URA
with � � � for � � �. For the directions of arrival
(DOAs) of the two waves we choose �� � ���Æ, �� �
"�Æ, �� � ��Æ, and �� � ��Æ. The estimator is biased
for relative delays shorter than ��� � �� due to the same
reason as already explained for the single antenna case.
The performance of SAGE using an array antenna for the
estimation of the delay of the multipath is remarkably
good as well as for the estimation of the delay of the
LOSS. The RMSE of ��� is approximately between 2 and
3 meters and the RMSE of ��� is between 3 and 6 meters.
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Fig. 5. RMSE of the time-delay of the LOSS / �� versus
the relative time-delay of the multipath / ��. Parameters:
� � �, � � �, �� � ���Æ, �� � "�Æ, �� � ��Æ,
�� � ��Æ.
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Fig. 6. RMSE of the time-delay of the multipath / ��
versus its relative time-delay / ��. Parameters: � � �,
� � �, �� � ���Æ, �� � "�Æ, �� � ��Æ, �� � ��Æ.

Fig. 7 and Fig. 8 show the results of the DOA estimation
for the azimuth and the elevation for the two impinging
waves. For the chosen scenario SAGE is able to give
a reliable DOA estimation. DOA estimation is a very
important issue when it comes to additional use of adap-
tive spatial filtering (adaptive beam forming) in order to
mitigate interference. One can easily detect whether an
impinging wavefront is a LOSS from a satellite or in-
terference (e.g. multipath, spoofing), as the DOAs of
the LOSS of the satellites are known from the almanac
together with a sufficient good position solution. With

good DOA estimation then one could enhance the es-
timation of synchronization parameters by appropriate
spatial filtering. However, further assessment of the abili-
ties of SAGE concerning DOA estimation have to be per-
formed in the future.
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Fig. 7. RMSE of the azimuth of the LOSS and the mul-
tipath versus its relative time-delay / ��. Parameters:
� � �, � � �, �� � ���Æ, �� � "�Æ, �� � ��Æ,
�� � ��Æ.
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Fig. 8. RMSE of the elevation of the LOSS and the mul-
tipath versus the relative time-delay of the multipath / ��.
Parameters: � � �, � � �, �� � ���Æ, �� � "�Æ,
�� � ��Æ, �� � ��Æ.



7. CONCLUSION

In this work we have addressed the problem of estimat-
ing the propagation time-delay of the LOSS in a GNSS-
receiver under the presence of severe multipath in a static
channel. The tested method in order to reduce the com-
plexity in solving the MLE is the SAGE algorithm. The
SAGE algorithm iteratively approximates the MLE and
significantly reduces the complexity by breaking down
the multi-dimensional non-linear optimization problem
of the MLE, which was addressed into a number of one-
dimensional ones. Using a single antenna (� � �) or an
array antenna (� � �) SAGE is giving very good per-
formance under severe multipath conditions and a small
bandwidth of � � ����� ���. Thus, we think that
SAGE has proven to be a promising method to combat
multipath for navigation applications due to its good per-
formance and low complexity.

Future work will deal with further assessment of the DOA
estimation ability of SAGE, additional space-time pro-
cessing in order to enhance the estimation, finding ap-
propriate methods to estimate the number of impinging
waves �, and deriving sufficient optimization methods
to solve the remaining one-dimensional non-linear opti-
mization processes.

As for implementation in an single antenna receiver, stan-
dard techniques like a DLL for the delay estimation in
the M-step could be implemented. Further, a Phase-Lock
Loop (PLL) could be used to augment the computation of
the complex amplitude in the M-step. This would lead to
a coherent estimation as depicted in Fig. 9. Here, ��

���
�

denotes the phase estimate of the �-th wave for the  -th
iteration step.
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Fig. 9. Implementation Approach
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